
Properties of ODEs

What is a linear ODE?

What is a linear and homogeneous ODE?

What is a constant-coefficient ODE?
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Properties of ODEs (II)

What is an autonomous ODE?
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Existence and Uniqueness
Consider the perturbed problem

�

y ′(t) = f (y)
y(t0) = y0

�

by ′(t) = f ( by)
by(t0) = by0

Then if f is Lipschitz continuous (has ‘bounded slope’), i.e.

∥f (y)− f ( by)∥ ≤ L ∥y − by∥

(where L is called the Lipschitz constant), then. . .

What does this mean for uniqueness?
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Conditioning
Unfortunate terminology accident: “Stability” in ODE-speak

To adapt to conventional terminology, we will use ‘Stability’ for
▶ the conditioning of the IVP, and

▶ the stability of the methods we cook up.

Some terminology:

An ODE is stable if and only if. . .

An ODE is asymptotically stable if and only if
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Example I: Scalar, Constant-Coefficient

{

y 0(t) = λy

y(0) = y0

where λ = a+ ib

Solution?

When is this stable?
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Example II: Constant-Coefficient System

{

y
0(t) = Ay(t)

y(t0) = y0

Assume V
−1 AV = D = diag(λ1, . . . ,λn) diagonal. Find a solution.

When is this stable?
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Euler’s Method

Discretize the IVP
{

y 0(t) = f (y)
y(t0) = y0

I Discrete times: t1, t2, . . ., with ti+1 = ti + h

I Discrete function values: yk ≈ y(tk).
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Euler’s method: Forward and Backward

y(t) = y0 +

Z
t

t0

f (y(τ))dτ,

Use ‘left rectangle rule’ on integral:

Use ‘right rectangle rule’ on integral:

Demo: Forward Euler stability [cleared]
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Global and Local Error

local error global error

Let uk(t) be the function that solves the ODE with the initial condition

uk(tk) = yk . Define the local error at step k as. . .

Define the global error at step k as. . .
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About Local and Global Error

Is global error =
P

local errors?

A time integrator is said to be accurate of order p if. . .
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ODE IVP Solvers: Order of Accuracy

A time integrator is said to be accurate of order p if `k = O(hp+1)

This requirement is one order higher than one might expect–why?
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Stability of a Method
Find out when forward Euler is stable when applied to y 0(t) = λy(t).
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Stability: Systems

What about stability for systems, i.e.

y
0(t) = Ay(t)?
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