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Differentiation Matrices

How can numerical differentiation be cast as a matrix-vector operation?

P (8] 5 ?d w o Ry o s
r\: (x,: éh o ‘I’,'(Xl
("] m
\! v (x) P(v) 1o (o
AN yels vV Py
%

Demo: Taking Derivatives with Vandermonde Matrices [cleared] (Build D)
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Properties of Differentiation Matrices

How do | find second derivatives?

Does D have a nullspace?
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Numerical Differentiation: Shift and Scale
Does D change if we shift the nodes (x;)7_; — (x; + ¢)"_,7

Does D change if we scale the nodes (x;)7_; — (ax;)P_7
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Finite Difference Formulas from Diff. Matrices

How do the rows of a differentiation matrix relate to FD formulas?

Assume a large equispaced grid and 3 nodes w/same spacing. How to use?
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Finite Differences: via Taylor

012 ALL=2Y o[,

Dbt = 1y + UL+ A -

Wk R ,
P ik e PUS e
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More Finite Difference Rules

Similarly:
Y ;o f(x+h)—f(x—h) )
f'(x) = T + O(h?)

(Centered differences)

Can also take higher order derivatives: ) usu& Jm”' AT Ces ! D

F1(x) = f(x+ h) —21;7(2X)+ f(x —h) o)

Can find these by trying to match Taylor terms.

Alternative: Use linear algebra with interpolate-then-differentiate to find
FD formulas.

Demo: Finite Differences vs Noise [cleared]

Demo: Floating point vs Finite Differences [cleared)]
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Outline

Initial Value Problems for ODEs
Existence, Uniqueness, Conditioning
Numerical Methods (1)

Accuracy and Stability
Stiffness
Numerical Methods (I1)
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What can we solve already?

» Linear Systems: yes
» Nonlinear systems: yes

» Systems with derivatives: no
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Some Applications ¢
th [0 uo

|
~ T —
Ul =0 \344

IVPs

BVPs ¥

> Pqéulation dynamics

Y2 = ya(—a2 + Bay1)
(predator)

» chemical reactions

> equations of motion

yi =y1(a1 — Biy2) (prey)

]

» bridge load —t -
» pollutant concentration
(steady state)
» temperature
(steady state)

> waves
(time-harmonic)

Demo: Predator-Prey System [cleared]
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Initial Value Problems: Problem Statement

Want: Function y : [0, T] — R” so that

> y(t) = F(t,y,y',y",...,y* ) (explicit), or

> f(t,y,y’,‘;”, y®)y=0 (implicit)
are called explicit/implicit kth-order ordinary differential equations (ODEs).
Give a simple example.

L \J': Yy \j(H-~c-zwr

Not uniquely solvable on its own. What else is needed?

7

'\g":?l‘),‘]'] S heads Yy oA \J'
weed Y (g)- ..
ko whd cohiling
\9“‘“ (O,= .
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Reducing ODEs to First-Order Form Sl p(g)

A kth order ODE can always be reduced to first ordéer. Do this in this
example:

y'(t) =f(y)

b H [ " }

- FJV lllww;cs: need ol ua’r‘a chal
(gqdon o) ™o OQ0ES
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Properties of ODEs

> “‘5 k\\_’s}
What is a linear ODE? \j '

[ J0,3) = AUI§ 4 B

What is a linear and homogeneous ODE?

é(h‘?)s ALd ‘;

What is a constant-coefficient ODE?

JIE gl AG B
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Existence and Uniqueness

Consider the perturbed problem / /” e
Yy =fy) [Jo=f@ T I
{ y(to) :@ { y(to) :@ P(y/ )

Then if f is Lipschitz continuous (has ‘bounded slope’), i.e. f’@/ ol

@) — W <Llly -yl (>~
(where L is called the Lipschitz constant), then. . /

o bore quds « solehon y ) aneiyhbabad of 4,
Ay -G e Uty g g
What does this mean for uniqueness? O;C“PJ -Uv‘cléf M\t“‘"\-

l.,nr,lu’.ll»] copnd, ukici\pk hesc_ G g wﬂ
V}n’qa =2 ‘ﬂ(”"y“) J
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Conditioning
Unfortunate terminology accident: “Stability” in ODE-speak
To adapt to conventional terminology, we will use ‘Stability’ for
> the conditioning of the IVP, and
» the stability of the methods we cook up.
Some terminology:

An O‘B")E—'vs stable if and only if. ..
v

The sl whou s ga»l"mo»\)\j dvph‘ﬂ ohthe | (.
F"d/ le £S5 9 MQ/KKI‘S QA CTPO so D['M"

I 6o 50 1o 5 nl,m y(fll<= ¢ &

(WY
An GBFEis asymptotically stable if and only if

«j(ﬂ -5l =0 (>

279



Example I: Scalar, Constant-Coefficient

{ il((ot)) =;\y wheré A=a-+ib

=¥
SOlUtion? / Ma’h;w‘f..

X4 ab b
gl =yoe” " = 9y, e e

When is this stable? ,\6 €l " oclllefint

Qc)\'DO ”/ e Ao fle Aco

i 1919

windwlde

L9} / =

k Shol (<

ng],_@(‘j b <‘ﬁ~\’l':

shebi_
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Example II: Constant-Coefficient System

A= VDV y'(t) = Ay(t)
£ n { y(tO) =Yo
Assu

e VLAV = D = diag(\1, ..., \,) diagonal. Find a solution.

L/ Aa“' . Ld‘\‘st.

C oEFf.

R v*q ~N =g

[640)

- <

(w',', dy T e

\ T
When is this slable? U"\ d.. W,

Qe (A) =0 = wy-P O

C S0 D wushkhl,
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Euler's Method

Discretize the IVP _— dif€ e
(r-r 7
y(t0) = yo
» Discrete times: ty, t,. .., with tj 1 =t + h lh; e1 |
» Discrete function values: y, ~ y(tx).

[

C

) > t
90t § 00y 4
) \ /’7&0 @ico\r"s I\nl’.€7.
— i '3 ukq“ﬂdiﬂkl{'

Nowar d €., .\)(l).- Yo * Q (3,)) Ak
) Qefy rtdm‘)lc n\lr." : S: 9(5‘)0\% L 8(0
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282



Euler's method: Forward and Backward

0 =yo+ [ Fly(r))dr,

Use ‘left rectangle rule’ on integral:

\Zuu ~“-9’u ¢ b 'P(")h)
e ¢ !

explih > canjwsl evdecke

I [} . ' k."’
Use ‘right rectangle rule’ on integral: J

\Z:it “‘qh ¢ ‘?(")Ml)

—

-

mplick > solve fer Yty

Demo: Forward Euler stability [cleared]
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