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Power Iteration

Demo: Motivating Power Iteration [cleared]
Let Ac R™" and Av; = \jv; (j € {1,2,...,n}) and

|)\1@)\2| > > ‘)\n|-
Pick some xq, consider x;11 = Ax; (i € {0,...}). CaIIeWn

Let xo = > 7 quv;j. Observe that
Define e; = x,- aivy. |
8 w

. L0
n i+1
Xi+1 ||| 2sein
leiva |/~ )\:'+1 —ovi|| = % - 1
1 1

Ap | 7Y
leoll -

. +1|[ n
= il vil| < |+— ajvil| = |—
%J ()\1 Vi A Z; jVj ’)\1
J T = \w\

N
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Power lteration: Issues?

What could go wrong with Power lteration?

-
» Starting vector has no component along g vy

» Overflow in computing A}
— Normalize after each step &

> [A1] = A

> A1 = Mo )nultipliclity, defer.
> If X7 3. use shift+invert to separate magnitudes

» Complex eigenvalues
— use complex-valued shift, and invert.

Not a problem in practice: Rounding will introduce one.




Convergence of Power Iteration: Notation

» Amax(A): biggest eigenvalue by magnitude
» Amax2(A): second-biggest eigenvalue by magnitude.
» Amin2(A): second-smallest eigenvalue by magnitude

» Amin(A): smallest eigenvalue by magnitude

(Not well-defined if there are multiple A with the same magnitudes.

Assume that's not the case.)
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Power Iteration: Shift

How does a shift (A — g/) change power iteration?
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Power Iteration: Shift

How does a shift (A — ol) change power iteration?

_________________________________________________________

» Converges to eigenvector for \max(A — o) with convergence
)\maXZ(A_O'I)
Amax(A—al) |

factor

» Can help guide convergence to eigenvalues ‘on boundary’ of
spectrum.

a(A) ImA o(A—oal) ImA i

Re\ (

* Re)

i




Power lteration: Inversion
How does inversion (A_l) change power iteration?

_________________________________________________________

A% = A% (3 X< AAR

s AN
® A(x ‘{k

; \/\W(A") [ Ainq (A) , e
Auae (A) hw (A Auia LA

.........................................................



Power lteration: Inversion
How does inversion (A~1) change power iteration?
» Converges to eigenvector for Amax (A1) = 1/Amin(A) with
convergence factor

>\max2(A_1) _ ‘1/)\m|n2(A)' _ ‘ )\mln
)\max(A_l) 1/>\m|n(A) m|n2 A)
» Guide convergence to smallest eigenvalues.
o(A) ImA o(A) ImA

ReA

M/ \ Re) / ,




Power lteration: Shift and Inversion
How does shift-invert ((A — o/)~1) change power iteration?

S e m e e E e e e ., ... ——————————————mm -



Power lteration: Shift and Inversion
How does shift-invert ((A — o/)~1) change power iteration?

E » Converges to eigenvector for

: Amax((A — 1)) = 1/Amin(A — ol) with convergencefactor

. Amax2((A — Ul)il) _

5 Amax((A—o)=1) | —

E » Guide convergence to eigenvalue closest to o.

5 o(A) ImA o(A—ol) ImA

5 ReX 8 /\ ReX
: @).

S e m e e E e e e ., ... ——————————————mm -



What about Eigenvalues?

Power Iteration generates eigenvectors. What if we would like to know
eigenvalues?

ﬂajbo 7L 71/«”1'0\4} LA,

X'
, \ F e e MO o= 3‘150' e gek
IIM*" (thyleJ)L 1\1014-4 ey

PIRY

.

Demo: Power Iteration and its Variants [cleared)]
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chur f
how: Every matrix is orthonormally similar to an upper triangular matrix,

i,e. A= QUQT. This is called the Schur form or Schur factorization.

Avs N3 Vaspu {7
A: Vo V
Vis v Vov*© @
A
A= ; "‘Ol-ﬂs&f V= T 7 Q;
. Q
Q,
Q Njar
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Schur Form: Comments, Eigenvalues, Eigenvectors

A= QUQT. For complex \:
» Either complex matrices, or
> 2 x 2 blocks on diag.
If we had a Schur form of A (no 2 x 2 blocks), can we find the eigenvalues?

)

And the eigenvectors?

146



