






Convergence of Power Iteration: Notation

▶ λmax(A): biggest eigenvalue by magnitude
▶ λmax 2(A): second-biggest eigenvalue by magnitude.
▶ λmin 2(A): second-smallest eigenvalue by magnitude
▶ λmin(A): smallest eigenvalue by magnitude

(Not well-defined if there are multiple λ with the same magnitudes.
Assume that’s not the case.)
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Power Iteration: Shift
How does a shift (A− σI ) change power iteration?
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Power Iteration: Shift
How does a shift (A− σI ) change power iteration?

▶ Converges to eigenvector for λmax(A− σI ) with convergence
factor

���λmax 2(A−σI )
λmax(A−σI )

���.
▶ Can help guide convergence to eigenvalues ‘on boundary’ of

spectrum.
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Power Iteration: Inversion
How does inversion (A−1) change power iteration?
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Power Iteration: Inversion
How does inversion (A−1) change power iteration?

▶ Converges to eigenvector for λmax(A
−1) = 1/λmin(A) with

convergence factor
����
λmax 2(A

−1)

λmax(A−1)

���� =
����
1/λmin 2(A)

1/λmin(A)

���� =
����
λmin(A)

λmin 2(A)

���� .

▶ Guide convergence to smallest eigenvalues.
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Power Iteration: Shift and Inversion
How does shift-invert ((A− σI )−1) change power iteration?
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Power Iteration: Shift and Inversion
How does shift-invert ((A− σI )−1) change power iteration?

▶ Converges to eigenvector for
λmax((A− σI )−1) = 1/λmin(A− σI ) with convergence factor

����
λmax 2((A− σI )−1)

λmax((A− σI )−1)

���� =
����
λmin(A− σI )

λmin 2(A− σI )

���� .

▶ Guide convergence to eigenvalue closest to σ.
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What about Eigenvalues?

Power Iteration generates eigenvectors. What if we would like to know
eigenvalues?

Demo: Power Iteration and its Variants [cleared]
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Schur form
Show: Every matrix is orthonormally similar to an upper triangular matrix,
i.e. A = QUQT . This is called the Schur form or Schur factorization.
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Schur Form: Comments, Eigenvalues, Eigenvectors
A = QUQT . For complex λ:
▶ Either complex matrices, or
▶ 2 × 2 blocks on diag.

If we had a Schur form of A (no 2× 2 blocks), can we find the eigenvalues?

And the eigenvectors?

146


