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Going piecewise: Simplest Case

Construct a pieceweise linear interpolant at four points.

X0, Yo X1, Y1 X2, Y2 X3,Y3
fi @ fa = a2x + b2 fs € asx + b3
2 umks 2 unks 2 ;

| |
| |
f(x1) = y1 | fi(x2) = y2 |
| |
| |

\

| |

| Alx) =y |

\ fila) =y | (x2) = y2 fi(x3) = ys
| 2 eqn. | 2 eqn. 2 eqn.

Why three intervals?

L inben vels cone i ddy
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Piecewise Cubic (‘Splines’)

f1 f2 | f3

| a1x> + byx? + cix + dy | azx3 + bax? + cox + da | a3x> + b3x? + cax + d3 ‘

L(V\V\l,(,. b{ka / qml,(

/

(\ 9,(%\ = Ye { %JX )9, ' :P;,("e]tjt

AR AR IR A
| ?: ( n « %L' (x,) P;(’ﬁ)t %I] (’(1)

L prlo-§e) AR .
g"‘( Xo] = /—/@(?5)&0

ll/\ﬂ\& v\w&“ bﬂ’ |N\.
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Piecewise Cubic (‘Splines’): Accounting
X0, Yo X1, ¥1
| fu |
| a1><3 + b1><2 + cix + dy |

X2, Y2 X3,Y3
fa | f3 ‘

azx3 + bzx2 + c2x + d2 | a;><3 + b3x2 + c3x + d3 ‘

fambhiunonns! Y A/;,\waQs

Bocondbows: Nidwiels + T /Vw\:fM“Q nodes +(

/t/fn}wvogs - \_/VMMA(Q ockes
> = Uil + l(/V/n}wwls “’) L= Y vels
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Outline

Numerical Integration and Differentiation

Numerical Integration

Quadrature Methods

Accuracy and Stability

Gaussian Quadrature

Composite Quadrature

Numerical Differentiation

Richardson Extrapolation
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Numerical Integration: About the Problem

What is numerical integration? (Or quadrature?)

e ———————

_________________________________________________________
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Numerical Integration: About the Problem

What is numerical integration? (Or quadrature?)

Given a, b, f, compute (approximately!)

[ e

_________________________________________________________

» Answer exists e.g. if ﬂﬂ)ﬁggglﬁ in the Riemann or Lebesgue
senses.

» Answer is unique if f is e.g. piecewise continuous and bounded.
(this also implies existence)
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Conditioning

Derive the (absolute) condition number for numerical integration.

o]

0 + e (x

gq%(&)m (gg(x]o\k}
= ( gge(x dx

S e|dv ¢ (b= )ME;

lely)

251



Interpolatory Quadrature: Examples

P()’V va; X} {: ))(x Q(x}
\_/(,ﬁw/u/\q, [
n j J (a(\j
S }u)m% fan,]S‘Q‘ () ol

N
‘L‘i’(ﬁ“"g wé qP K' Wi

&,

V\Mes u@?“&,

2

( by comdmcion : mﬁvjm[w polgnom il
of ap ko Jejﬂ‘e w-|
@Xnd/h/




Interpolatory Quadrature: Computing Weights

How do the weights in interpolatory quadrature get computed?

) ¥
,X| S ) X
by
b-a >Sia&x = L\),‘i* o
(7 Qa
Di)\q)«a ngd\x g X, s £ X%,
G
b “ "
o T > WVV"Q,H/\DD{ Oe VLV\JQ)W/W:&
v = Y N Co ot ik ]

Demo: Newton-Cotes weight finder [cleared]
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Examples and Exactness
To what polynomial degree are the following rules exact?

Midpoint rule (b—a)f (2£2)

Trapezoidal rule  252(f(a) + f(b))

@;'s rule % (f(a) + 4f (aTb) +f(b)) \
[V)
b-a ’Si/_]Q ?:Q—Wf p—t—1

Y
@ ¢
g

Ol servea, 5tk ¢ woles @ odd o
C,Dl/\/\\j “ QXJ'ﬁj\deree of b ——
‘Wl‘j wo ol (V‘L“f V‘IQ Q_ QJL"\CH}
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Interpolatory Quadrature: Accuracy

Let p,—1 be an interpolant of f at nodes xi, ..., x, (of degree n — 1)
Recall

b
Zw;f(x,-):/ Pn—1(x)dx

What can you say about the accuracy of the method?

/ S:W&]d\x - giph-; (XM‘([

< §9 5‘) ”[71\'\&// ds
<

S (b-o) mmx'})x} p,,,, /

Cla V:S\):‘*?W

C wax [§9] b™

N

YA
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Quadrature: Overview of Rules

" Newkon - Coles™ rales

n | Deg. x.Int.Deg. | Intp.Ord. | Quad.Ord. | Quad.Ord.
(w/o /N\b" | (regular) b (w/odd) [
n—1 (n—l)—i—lodd n \ n+1 (n—|—1)+1odd
Midp. |10 1 1 2 3
Trapz. |2 |1 1 2 3 3
Simps. | 3|2 3 3 4 5
S.3/814 |3 3 4 5 5

» n: number of points

>
>

vy

result above: O(h™™!)

v

“Deg.”: Degree of polynomial used in interpolation (= n— 1)

“Ex.Int.Deg.": Polynomials of up to (and including) this degree actually get
integrated exactly. (including the odd-order bump)

“Intp.Ord.”: Order of Accuracy of Interpolation: O(h")
“Quad.Ord. (regular)”: Order of accuracy for quadrature predicted by the error

“Quad.Ord. (w/odd):" Actual order of accuracy for quadrature given ‘bonus’
degrees for rules with odd point count

Observation: Quadrature gets (at least) ‘one order higher’ than interpolation—even more
for odd-order rules. (i e. more accurate)
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Interpolatory Quadrature: Stability

Let p, be an interpolant of f at nodes x,

., Xn (of degree n —1)
Recall

= /ab pp\\(‘x)dx

i -)
What can you say about the stability of this method? Z W, = Lo
A

%(k) = D) + ely
(€t~ Cfls

o Uﬂﬁ W,

< o] € (£01)abe i

G\/LJ

v

So, what quadrature weights make for bad stability bounds?

[ I/\QLejo\Hw u%a“% ]




About Newton-Cotes

What's not to like about Newton-Cotes quadrature?
Demo: Newton-Cotes weight finder [cleared] (again, with many nodes)
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About Newton-Cotes

What's not to like about Newton-Cotes quadrature?
Demo: Newton-Cotes weight finder [cleared] (again, with many nodes)

In fact, Newton-Cotes must have at least one negative weight as soon
as n > 11.
More drawbacks:

» All the fun of high-order interpolation with monomials and
equispaced nodes (i.e. convergence not guaranteed)

» Weights possibly non-negative (—stability issues)
» Coefficients determined by (possibly ill-conditioned)
Vandermonde matrix

» Thus hard to extend to arbitrary number of points.
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Gaussian Quadrature
w

So far: nodes chosen from outside.
Can we gain something if we let the quadrature rule choose the nodes,
too? Hope: More design freedom — Exact to higher degree.

Demo: Gaussian quadrature weight finder [cleared]
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