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Successive Parabolic Interpolation
� Interpolate f with a quadratic function at each step and find its minima:

� The convergence rate of the resulting method is roughly 1.324



Newton’s Method for Optimization
� Instead of interpolating points, match derivatives at current approximate

point:

� The new approximate guess will be given by xk+1 − xk = −f �(xk)/f ��(xk):



Safeguarded 1D Optimization
� Safeguarding can be done by bracketing via golden section search:

� Backtracking and step-size control:



Multidimensional Optimization
� Direct search methods by simplex (Nelder-Mead):

� Steepest descent: find the minimizer in the direction of the negative gradient:



Convergence of Steepest Descent
� Steepest descent converges linearly with a constant that can be arbitrarily

close to 1:



Newton’s Method for Multidimensional Optimization
� Newton’s method in n dimensions is given by finding minima of

n-dimensional quadratic approximation:

f(xk) ≈ f̂(xk + s) = f(xk) + sT∇f(xk) +
1

2
sTHf (xk)s



Convergence of Newton’s Method

� Newton’s method is quadratically convergent in n-dimensions as well:



Quasi-Newton Methods
� Quasi-Newton methods compute approximations to the Hessian at each step:

� The BFGS method is a secant update method, similar to Broyden’s method:



Nonlinear Least Squares
� Lets consider a nonlinear least squares problem of fitting a nonlinear

function fx(t) so that fx(ti) ≈ yi:

� We can cast nonlinear least squares as an optimization problem and solve it
by Newton’s method:



Gauss-Newton Method
� The Gauss-Newton method is a simplification of Newton’s method for the

nonlinear least squares problem:

� The method is then given by

xk+1 = xk − Ĥφ(xk)
−1∇f(xk)

= xk − (JT
r (xk)Jr(xk))

−1Jr(xk)r(xk)



Levenberg-Marquardt Method
� The Levenberg-Marquardt modifies the Gauss-Newton method to use

Tykhonov regularization:

� The scalar µ controls the step size through the least squares problem:


