Chapter 2, Linear Systems



OUTLINE

1 Geometry of Linear Systems

1 Existence, Uniqueness and Conditioning

 Solving Linear Systems

1 Special Types of Linear Systems

1 Software for Linear Systems



Linear Systems

e We now consider solution of linear systems of the form Ax = b,
where A is an n X n system matrix of the form

aip a2 -+ QAin

g1 A9 -+ 49
A = R i

_anl Apo * - ann_

while x and b are n-vectors.

e We will study cases in which these systems are singular or ill-
conditioned (i.e., nearly singular) and cases where the systems
are well-conditioned.

e We start with a brief review of conditions for singularity and
of geometric interpretations of linear systems.



Existence and Uniqueness

e An n X n matrix A is said to be nonsingular if it satisfies any one of the
following equivalent conditions:

1. A has an inverse: A~! such that A7PA = AA™! = I, the identity matrix.
2. det(A) # 0 (i.e., A has a nonzero determinant)

3. rank (A) = n (the rank of a matrix = maximum number of linearly independent
rows or columns it has)

4. For any vector z # 0, Az # 0



The Geometry of Linear Equations’
e Example, 2 X 2 system:

20 —y = 1 2 —1 x| |1
xT+y =29 I 1 y| |5
e Can look at this system by rows or columns.

e We will do both.

lGilbert Strang: Linear Algebra and Its Applications



Row Form

e In the 2 x 2 system, each equation represents a line:
20 —y =1 line 1
xT+y =29 line 2

e The intersection of the two lines gives the unique point
(z,y) = (2,3), which is the solution.

20—y =1
(0,5)

(z,y) = (2,3)

/

(5,0
0.-1) N
T+y=>5

e We remark that the system is relatively #ll-conditioned if the lines are close to being
parallel, that is, if the smallest subtended angle is close to 0.



Column Form

e The second (and more important) geometry is column based.

e Here, we view the system of equations as one wvector equation:

2 —1 1
Column form x[1]+y[ 1][5].

e The problem is to find coefficients, x and y, such that the combination of vectors on the
left equals the vector on the right.

o) — 2 X (column 1)
. ~ +3 x (column 2)

L d
L d
L d
L d
L d
L d
L d
*
L d
“
.

e In this case, the system is ull-conditioned if the column vectors are nearly parallel.
[f these vectors are separated by an angle 6, it’s relatively easy to show that the condition
number scales as kK ~ % as 0 — 0.



Row Form: A Case with n=3.

20+ v+ w = 95
Three planes: du — 6v = —2
—2u + v+ 2w = 9

e Each equation (row) defines a plane in IR®.
e The first plane is 2u 4+ v + w = 5 and it contains points (2,0,0) and (0,5,0) and (0,0,5).
e [t is determined by three points, provided they do not lie on a line.

e Changing 5 to 10 would shift the plane to be parallel this one, with points (5,0,0) and
(0,10,0) and (0,0,10).



Row Form: A Case with n=3, cont’d.

e The second plane is 4u — 6v = —2.

e [t is vertical because it can take on any w value.

e The intersection of this plane with the first is a line.

e The third plane, —2u + 7v 4+ 2w = 9 intersects this line

at a point, (u,v,w) = (1,1, 2), which is the solution.

e In n dimensions, the solution is the intersection point of n hyperplanes,
each of dimension n — 1. A bit confusing.



Intersect in a line.

)

th n=3, cont’d.

i

A Case w
e The green and blue planes (Egs. 2 and 3
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Column Vectors and Linear Combinations

e The preceding system in R? can be viewed as the vector equation

2 1 1 5
U 41 +v| -6 +wl0 = -2 = b.
—2 7 2 9

e Our task is to find the multipliers, u, v, and w.
e The vector b is identified with the point (5,-2,9).
e We can view b as a list of numbers, a point, or an arrow.

e For n > 3, it’s probably best to view it as a list of numbers.



Vector Addition Example

57 [ 01 0] "5
0 + | 2| + 0| = |2
o] L o] |9] 9

Here, we write the rhs as a
linear combination of the
orthogonal unit basis vectors

1 0 0




-y
........
......
-

Linear Combination

2 1 1 D
1 41 +1| -6 +2|0| = [ =2
—2 | 7] | 2 9

Here, we write the rhs as a
linear combination of the
columns of the system matrix.




Singular Case: Row Picture

20 —y =1

e No solution.

20 — y
dor — 2y



Singular Case: Row Picture

dr—2y =2 20—y =1

20 — Yy
dor — 2y

0.1

e Infinite number of solutions.



Singular Case: Column Picture

e No solution.



Singular Case: Column Picture

e Infinite number of solutions. (b coincident with a; and ay.)



Singular Case: Row Picture with n=3

A X

) two parallel planes (b) no intersection
) line of intersection (d) all planes parallel

End-on view of 3 planes.



Singular Case: Column Picture with n=3

b not in plane

b in plane
®

No solution

An infinite number

of solutions
e In this case, the three columns of the
system matrix lie in the same plane.
1 4 7
Example: uw | 2| + v |5 +w |8 =Db
3 § 9

e Our system is solvable (we can get to any point in IR?) if
the three columns are linearly independent.



Nearly Singular Matrices — Row Perspective

@ In two dimensions, uncertainty in intersection point of two
lines depends on whether lines are nearly parallel

Well-Conditioned IlI-Conditioned
(nearly singular)

[ An interesting question: For the 2x2 case, can you relate the angle
to the condition number ?]



Nearly Singular Matrices — Column Perspective

A= a ] = [é;‘]

4 ) c = cosé, s =sinb.

e Clearly, as § — 0 the matrix becomes singular.

e Can show that

1+ |
1 —|c

Yy
a4

cond =

| DO

for small 8 (by Taylor series!)



Matrix Form and Matrix-Vector Products.

e We start with the familiar (row) form

20+ v+ w = D
4u — 6v = -2
—2u + v+ 2w = 9

e [n matrix form, this is

2 1 17 U 5
4 —6 0 v = | 2|,
-2 7 2] |w 9 ]

+ v +w | 0| =

or Au




Matrix Form and Matrix-Vector Products, 2.

e S0, if A is the matrix with columns a;, as, and as,

a; a, ag |, and u =

AN
I
= DO
|
-~ O =
O O©
|

e Then

Au = ua; + vay + was




Matrix Form and Matrix-Vector Products, 3.

e In general, if x is the n-vector

and A is an m X n matrix, then

Ax

ria; + xroay + - + Ty

= linear combination of the columns of A.

e Always.



Matrix-Vector Products, Example.

If x =V {Vav) v

= Vy.

Then x = linear combination of the columns of V.

e X lies in the column space of V.
e X lies in the range of V.

e x € span(V)



Column Picture Example

e What linear combination of (1 2 3) and (1 1 1) will produce
the vector (0 2 4)7?

1 0
T 2 + X9 — 2
3 4

e Is it unique?



Sigma Notation

e Let A bean m X n matrix,

e Then

A

a




Matrix Multiplication

If B = |b by,

Then C' = AB Abl Abg

n

Cij = E Qir; b

k=1

Q: (Important.) Suppose A and B are n X n matrices.

e How many floating point operations (flops) are required to
compute C' = AB?

e What is the number of memory accesses?



fori=1,...,n,

J=4...,N,
n
Cij = Z oy
k=1
= Cl,ﬂ*blj —+ CLiQ*ij -+ aig*bgj + -+ CLm*bnj.
ANSWER:

o ~2nops, “+7and “*”, for each of n’ results.

* > 2n’ operations total.



Some Special Matrix-Vector Products, 1/2.

e Suppose V =v and W = w are n X 1 matrices (i.e., vectors).

e Then

C = VW = viw = Zvjwj =

J=1

is a 1 x 1 matrix (i.e., a scalar).

T

e We refer to v* w as the “dot” or tnner product of v and w.



Some Special Matrix-Vector Products, 2/2.

e Suppose V =v and W = w are n X 1 matrices (i.e., vectors).

e Then

C =VW!H =vw! = v[iw wy - w,]

= vw; Vwy; - VW,

is an n X n matrix, with each column a multiple of v.
e We refer to vw?! as the outer product of v and w.
e [t is a matrix of rank 1 and not invertible (unless n = 1).

— every column is a multiple of v

— every row is a multiple of w'



Start here, Lecture 4



Solving a Linear System

(Given

e m X n matrix, A

e m vector b

What are we looking for and when are we allowed to ask the question?

Want: n-vector x so that Ax = b

e Linear combination of columns of A to yield b
e Consider square case (m = n) for now
e Llven then, solution may not exist or may not be unique

e Unique solution exists ¢ff A is nonsingular

Next: Look at conditioning of this operation. Need matrix norms.



Matrix Norms
e Since we are considering Ax, we need a measure of how A can influence x.
e Note that y = Ax is just a wvector.
e We have already introduced the p-norms for vectors.

e We can introduce an associated (or induced) matrix norm as the scalar | A ||
that satisfies

lAX]| < [[A]l [}

for all x € R", which simply defines ||A]| in terms of two vector norms,
which we know how to compute.

e ||A|| is the mazimum stretching realizable when multiplying x by A.

Of course, can have ||Al]| < 1



Matrix Norms, continued

e This idea leads to two equivalent definitions

A
JA] = max 121

xeR" ||x]|

= max ||Ax||
Ix[|=1

e For each vector norm, ||x||, we get a different matriz norm ||A||

e For example, for the vector norm ||x||, we have an associated
matrix norm ||A||,

e Note that these norms are well defined even if A is not square.



Identifying Matrix Norms

o What is [|A]|,? [|A..?

o [f A= [CLZ']'],
m
|A]l; = maxz | a;;| = maximum column sum of A
col j P
n
Al = maxz | ai; | = maximum row sum of A
row 1
j=1

e Q: What is ||| for the n X n identity matrix?

Hint: Consider x = [&1 £ 1 --- £ 1]F
so that Ax yields a sum on row 1.




Matrix Norm Examples

e What is the 1-norm of the matrix A?

e What is the oo-norm?

1 -7 1
A = 1 0 4
001 5
o Hint:
- For the oo-norm, set x = [4=1 &1 ... 1] with signs chosen

to maximize output. ||x||s = 1.

- For the I-norm, set x =100 ...1...

maximize output. ||x||; = 1.

0]% with row chosen to



Identifying Matrix Norms, continued
e What is || A[],7

e In general, ||Al|l, = o1, the largest singular value of A (more on this later)

o If A is real, square and symmetric, A = AT «—= a;j = aj;, then

Al = max || = p(A),

the spectral radius of A, corresponding the eigenvalue of maximum abso-
lute value.

e The eigenvalues are the set of scalars \; € €, j = 1,...,n, satisfying
Az; = \;z; for given eigenvectors, z;.

o [f A symmetric then the A;s are real



Identifying Matrix Norms
e How do matrix and vector norms relate for n X 1 matrices?
e They are the same. WHY?

o If A ¢ R™! thenx € R!is a scalar

o If |x|| =1, then x =1 (or-1), so |Al]| = [|A] -1

e Q: What is 1-norm of an m x 1 matrix?



Properties of Matrix Norms

Matrix norms inherit the vector norm properties:

Al >0 < A#0

vA| = |7|||A|| for all scalars v

o |A + B|| < ||A] + ||B||, triangle inequality

There are also two submultiplicativity properties that result
from the induced norm definition,

o [[Ax| < [JA] x|

o [AB|| < [[A[]|B]]

In general we will write || - || for matrix norms without subscript
if the statement is true for any induced norm.



Matrix Norm Examples

Consider
2.7 0
A=1.1.60
0 0.3
e What is ||A|| .7
e What is ||A||;7
o What is limy_,o ||xz|[, for x; = AFx?

— For the x = 1 case?

— For the x = 0o case?

o A: ||xill = | A, < | A 11|,

Hant: Consider x =




Conditioning

What is the condition number when solving Ax = b?

e Input: b with error Ab

e Output: x with error Ax

e Observe A(x + Ax) = (b + Ab), so AAx = Ab

rel err in output  [[Ax||/||x||  ||Ax] ||b]|
rel err in input ~ ||Ab]|/||b]]  ||Ab|| |x|
_ [|ATAb| [AX]
IAB[| x|

IA

[ATH - A



Condition Number
e We denote the condition number of A as
K(A) = [[AT]- A
e Q: What is the condition number of A~1?

e (A) is also the condition number associated with matrix-vector
multiplication, y = Ax.

e Notice that k(A) depends on the associated matrix norm, ||A]|.

o If A is singular we define Kk = 00



Condition Number, continued

e Example: Suppose k(A) = 100. What is k(10 A)?

e Consider B := 10 A with ||A]| = 5 and ||[A~!]] = 20
e What is || B||”

e What is [|[B~1||?

eB=10A «— B '1=A"110"1=0.1A"1

o x(B) = B - [B7Y|| = 10[|A]- (01 A7) = K(A)




Properties of Condition Number

e For any matrix A, k(A) > 1

e For identity matrix, k(I) = 1

e For any matrix A and scalar v, k(7A) = k(A)

max |d;|
min |d;|

e For any diagonal matrix D =diag(d;), k(D) =

e If A is symmetric positive definite (SPD), ko(A) = Amax

)‘min



e Condition number:

max || Ax
x|=1

A) = ||A] - |1A7Y] = .
) = I A7 = g

— To see this, note that y = A7'x <= x = Ay, and

A—l
HA—IH — max ” XH — max HY“
A0 ||x]| y#0 || Ayl
1
— Imnax
Iyl=1 [[Ay||
1

miny = | Ayl

e S0, condition number is the ratio of max-to-min stretching of
A acting on a vector.



Condition Number Examples
Apply A to unit-vector x at different angles

as
as
/ Z f
x > A
N —
0.87 0.5 2 0

v . / > ai
) i
a | & condc.m

1.52 0.91
0.47 0.94

1.73 0.25

A; = l: 1 0-43J , conda(Agz) =4 Ay = [ } , conda(Ayg) =4



i

condc.m
hdr
A=[ 1.52 0.91 ;
0.47 0.94 1;
theta = 2%pi%[0:1000]/1000;

x=cos(theta);
y=sin(theta);

X=[x ; yvl;

AX=A%X;

plot(x,y, 'k=-"',1w,2,AX(1,:),AX(2,:),'r-",1w,2);
axlis equal

legend('locus of {\bf x}', 'locus of {\bf Ax}',...

'location', 'southeast"')

cond_A = cond(A)

Lf'condc.m" 37L, 292B written



Residual Vector

e What is the residual vector when solving Ax = b?

e Answer: It is the ‘“remainder” that results from an inaccurate solution.
e Suppose the answer produced by our code is X.

e Then the residual vector is

r = b — Ax = —AAx



Relationship between Residual and Error

e How does the norm of the residual vector r relate to the norm of the error

Ax?

e Consider
IAx]] =[x —x|| = [A7 (b - Ax)| = [[A7¢|
e Divide both sides by ||x||:
|Ax] [[AT _ AT ] Iz il
- < ~ k(A) < R(A)
x| x| x| [A] {|x] bl

e (relative error) < k(A) (relative residual)

e Given small relative residual ||r||/[|b]|, relative error is only (guaranteed to
be) small if the condition number is also small.



Perturbations in the Matrix
e Matrix entries are also FP numbers and thus subject to round-oft.
e How do changes in A influence the output, x?

Ax =b — Ax =b

e Consider

Ax = %—x = A 1(Ax—b) = A~ (AX—A&) — A 'AA%

e Thus
|Ax]] < [[ATY[|AA] ]1%
and
| Ax|| JAA]
— < K(A) S
x| JA]



Changing Condition Numbers

It is often possible to mitigate large condition numbers by preconditioning.
e [cft preconditioning: M Ax = Mb
e Right preconditioning: A My = b, x = My

For example, can use a diagonal matrix D as a preconditioner

e Row-wise scaling: DAx = Db

e Column-wise scaling: A Dy = b, x = Dy



Orthogonal Matrices

What is an orthogonal ( = orthonormal ) matrix?

e An orthonormal matrix is a square matrix that satisfies Q’Q = I and

QQ" =1

o Recall, if Q = [a1 g2 -+ qul, then Q'Q = [a/q;] = d;
(the Kronecker delta, d;; = 1 if i = j, 0 otherwise)

e That is, the columns of an orthonormal matrix Q are mutually
orthogonal.

e If Q is an orthogonal matrix, then Q? is also orthogonal, so the rows of an
orthonormal matriz Q are also mutually orthogonal.



Orthogonal Matrices and the 2-Norm

How do orthogonal matrices interact with the 2-norm?

lQv]l; = (Qv)'(Qv) = vIQ'Qv = v'v = v|;



Singular Value Decomposition (SVD)

The SV D of an m x n matrix A is given by the factorization
A = UxV!

where

e U is m X m and orthogonal
Columns u; are called the left singular vectors

e X =diag(o;) is m X n and non-negative
Typically o1 > 09 > -+ > 04 > 0, with s = min(m, n).
Diagonal entries o; are called the singular values

e V is n x n and orthogonal Columns v; are called the right singular vectors

We'll discuss existance and computation later.



Computing the 2-Norm

Use the SVD of A to compute the 2-norm
A = UXV! with U, V orthogonal

e 2-norm satisfies ||QB|l2 = [|Bll2 = |[|BQ]||2 for any B and orthogonal Q
* 50 [|Allz = (1%l = owmax

We can express the matrix condition number, k(A in terms of the SVD of A

e A~! has singular values 1/0;

o ra(A) = [[All2 [A7M 2 = Omax/Omin



Frobenius Norm

e The 2-norm is costly to compute; s there something cheaper?

e The Frobenius norm

m n

IAllF = \ZZ!%Q

i=1 j=1

e |Al|; is not and induced norm.
e [t does, however, satisty the standar matrix-norm properties:

e definiteness
e scaling
e triangle inequality

e submultiplicativity (via Cauchy-Schwarz)



Frobenius Norm Properties

e [s the Frobenius norm induced by any vector norm?

Not possible.  What is ||I|| 7

e How does the Frobenius norm relate to the SVD?

IAllF =

T

2

>0
\ %



Solving Systems: Simple Cases

e Solve Dx = b if D is diagonal.

e Solve Qx = b if Q is orthogonal

x = Q!b with cost O(n?)

e Given SVD, UXV! = A solve Ax=Db

z=U'b
y =Xz
X =Vy

Cost: O(n?) to solve, O(n?) to compute SVD



Note on Row Scaling / Permutation

Dv = scale rows of v

Pv = permute rows of v

DA = |Da; Day --- Da,| = scale rows of A

PA = |Pa; Pay --- Pa,| = permute rows of A
2 17T 1] (2 2 2
3 1 = |3 3 3
i 41 | I 4 4 4

—_
o
o
o

]
DO
W DN =
LW DN =~




Note on Column Scaling / Permutation

AD = |diajdsay --- dya,] = scale columns of A
AP = |a, a,, ---a, | = permute columns of A
i 1712 | (2 3 4

3 = 2 3 4
i 1L 4 2 3 4
2341 1 4 2 3]
2 3 4 1 = (4 2 3
2341 | |423




System Modification by Permutations

PAx = Pb Row Permutation

— s Ax = b

APP'x = b Column Permutation

—3vAx = Db



Solution of Lower Triangular Systems

[11 |
121 l22
l31 l32 33
lnl ln2 ln?) lnn_
1
Ty = —-b
[11
1
Ty = by — o1 2]
29
1
Ty = o b3 — ls1 21 — l30 9]
33
1
T, = — - |b, —

nn

L — - —

X1
)

X3

ln,n—l xn—l]

Q: How could
this go
wrong?



Solution of Lower Triangular Systems

l11 X1 by

lor oo T2 b

l31 l32 33 T3 b3
_lnl ln2 ln?) lnn_ _xn_ _bn_

i—1
. 1
fori=1,2,...,n: x; = E(bi_zlij%)'

fortr=1:n
forj=1:1—1
X, — T; — lijiljj
end
T = xi/li

end



Solution of Upper Triangular Systems

Uip U2 U3 =+ 0 Up X1 b1
Uz U23 -+ -+ Uy X2 by
U33 U33 T3 b3
I Unn | | Tn | b,
1
xn — - ° bn
un,n
1
Lp—1 = ) [bn—l — Up—1n xn}
Up—1,n—1
1
Ipn—2 — : [bn—l — Up—2nTpn — Up—2n—1 xn—l]
Up—2,n—2
1
rn = — [51 — Ul nTn — U2 562]-



Solution of Upper Triangular Systems

uyp U2 U3 ottt Ulp Iy by
U2 U23 -+ =+ Up ) b2

U33 U33 T3 b3

U, T, by

1 n
or 17 n,n , , X s < Z UJ.CE'])

j=i+1

fore=mn:1 ‘ What is the cost ??

forj=1+1:n

r, — I; — uijxj

X = fBz/Uu

end



Solution of Upper Banded Systems

Suppose U is a banded matriz. u;; = 0, j > i+ 5.

For example, § = 2:

Cupp Ul U IR b
U2 U233 Ul4 L2 by
U33 | . | . L3 b3
. Unp—2n N
Up—1,n
L unn - L xn - L bn -
1 min(i+/3,n)
forz':n,n—l,...,lz Xy = — bi— Z Ujj T j
Ui j=i+1

‘ What is the cost 77




Solution of Upper Banded Systems

1 min(i+5,n)
forz:n,n—l,...,l: IZ:u— bi— E Ujj 5
" j=i+1

forio=n:1
X, = bi7 jmax = mln(j—i_ﬁﬂl)
for 7 =1+ 1": Jmax

X, — XT; — uijxj

T = X/

end arn

e In this case, there are ~ 28n operations and ~ Sn memory refer-
ences (one for each u;;).

e Often § < n, which means that the upper-banded system is much
faster to solve than the full upper triangular system.

e The same savings applies to the lower-banded case.



START HERE, Lec 5



Generating Triangular Systems: LU Factorization

A=LU



Elimination

e To transform general linear system into upper triangular form, need to re-
place selected nonzero entries of matrix by zeros

e This can be accomplished by subtracting a multiple of “pivot row” from
rows where zeros are desired

e Consider 2-vector a = [Zl ]
9

o [f aq 7é O, then

o] = [t 2] = 3]



Elimination

_ 0 -
e Suppose we have a 3-vector a = | ao
- a/3 -
o [f ai 7é O, then
I Uq ] i 1 0 0 1T aq | I aq
U9 — —CLQ/CL1 1 0 a9 = 0
_Ug_ _—CL3/CL1 0 1_ _CL3_ _O

\ . J/

M,
e We refer to M as an elementary elimination matrix

e [t removes entries below row 1 in the prescribed vector




Elimination

e More generally, to eliminate all entries below kth row, az.q - - - a,, we would
use a matrix of the form

1
1
M, = I —mpel =
" ok —Mp41 1
—My, 1

=
SN

|
-

with entries m; == a;/ar, i =k+1,...,n.



Elimination
e M. is unit lower triangular and nonsingular

1 _ T - N -
e M, =1+ mye;, which means L; := M, " is same as M, except signs
of multipliers are reversed.

o If y > £, then

_ T T
MM, = (I —mye; )(I— mjej)

_ T o7 T T

= I — mye; — mje; + mye;m;je;
T T

= I — mye; — mye;

because ey, is orthogonal to m; (the order, 7 > k, matters).

e The product, My M, is thus essentially the “union” of the entries, and
similarly for the inverses, LL;.



Example: Elementary Elimination Matrices

2
e For a = 4
__6_
10 0] [ 2] [ 2]
Mla: —2 1 0 4 — 0
3 01| | 6] | 0 |
and
1 0 o]l [ 2] 9]
Mya= |0 1 0 41 = |4
06/4 1] | —6 | 0




Example, continued

e Note that
10
L, = M;! = 2 1
-3 0
and
10
MM, = —2 1
| 33/2

_ O O

o O

— O

|
o
~—
DO

_ O O




Gaussian Elimination as LU Factorization

e Consider the sequence of transformations

A = M/ A eliminate column 1 of A

A, .= M, A, eliminate column 2 of A,

A, 1 =M,_1A, > eliminate column n — 1 of A, _»
— M, ;--- M A
= U upper triangular

e Consequently,
A=M"'--MLM}U

=L;---L,oL, 7 U=LU

L




e Our sequence of elementary elimination steps amounts to factoring A into
a (nonsingular) unit lower triangular matrix L and a (possibly singular)
upper triangular matrix U

e Once we have the factorization A = LU, solve Ax = b as LUx = b by
defining y = Ux and

e solving lower triangular system Ly = b for y using forward substitution

e solving upper triangular system Ux = y using backward substitution

e An important concern when computing the LU factorization is if any pivot
is 0 or small

e We will address this issue by swapping rows to find the largest (in absolute
value) pivot in column k during the kth step of Gaussian elimination.

e Let’s turn to some examples of how we implement LU factorization in
practice



Gaussian Elimination - Main Steps

e The transformation of a general matrix to upper triangular form is known as Gaus-
sian Elimination and it is equivalent to what is known as LU factorization.

e Equivalence-preserving operations used in Gaussian elimination include

e row interchanges
e column interchanges (relatively rare; used only for “full pivoting”)
e addition of a multiple of another row to a given row

Notice that we do not include “multiplication of a row by a constant” because, while
valid for any nonzero constant, it is generally not needed for Gaussian elimination.

e We have already seen how row/column interchanges can transform a system from
lower-triangular form to upper-triangular form and can understand that reversing
that procedure would take us back to our targeted upper-triangular form.

e Let’s now look at the row-addition process for a more general example.



Generating Upper Triangular Systems: LU Factorization

e Example:
1 2 3 1 [ x1 ] [0 7
@[+ ¢ 1| 75 4
8 8 9 2 T3 = 4
6 1 3 3 T4 4
i 4 2 8 4] [ x5 ] | 4]

e First column is already in upper triangular form.

e Eliminate second column:

8
rowg <— TIOwg — ZerW2 T 1 2 3 1 T 2y ] 0
6 4 4 6 1 To 4
rowy <— TOWy4 — Z X TOWy 0O =3 0 T3 — —4
A -5 —6 3 4 —2
IOws <— TOW5 — Z X TOW9 i -9 2 3] | x5 | 0

o: 4 is the pivot

® rOwWy IS th4 pivot row I

|00

® [30 =25, Iy = g, l50 = %, 18 thl multiplier column. = ,i1=k+1...n




Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 0 T 1 2 3 0 7]
4 4 6 1 | 4 4 4 6 1| 4
8 8 9 21|14 — 0 -3 0|4
6 1 3 3|4 -5 —6 3| -2
i 4 2 8 4|4 i -2 2 3] 0]
This Case. General Case.
pivot = 4 = ay, when zeroing the kth column.
pivot row = [ 4 6 1]|4] =71 = ap, 5 =k+1,...,n[+b]
P
1 ik .
multiplier column = - = Cp = Qik i =k+1,...,n
4 Akk




Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 7

414 6 14|
8]s8 9 2
611 3 3

l 412 8 4|4 |
This Clase.
pivot = 4

pivot row :|[461\4]|

- 1
multiplier column = 1

1 2 3 07
4 4 6 1| 4

0 -3 0]—4

-5 —6 2| -2

! -2 2 3| 0]

— N DO ~ O o

General Case.

= ay, when zeroing the kth column.

=71, = ap;,j =k+1,...,n[+0b]

Ak

i =k+1,...,n
Ak



Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 7

414 6 14|
8]s8 9 2
611 3 3

l 412 8 4|4 |
This Clase.
pivot = 4

pivot row :|[461\4]|
8

- 1
multiplier column = 1

1 2 3 07
4 4 6 1| 4

0 -3 0]—4

-5 —6 2| -2

! -2 2 3| 0]

General Case.

= ay, when zeroing the kth column.

=71, = ap;,j =k+1,...,n[+0b]

Ak

i =k+1,...,n
Ak

I c, — 1, store as column k of L.I




kth Update Step

Look more closely at the kth update step for Gaussian elimination.

Assume A is m X n, which covers the case where A is augmented
with the right-hand side vector.

Row k remains unchanged.

For each row ¢, with 7« > k£, we want to generate a zero in place of a;.

We do this by subtracting a multiple of row k from row ¢, : =k +1,...,m.

ai; ai2 a13 1.4
apk | Qr3  Qral
aq, k ;,j Qi j+1
i1,k Ai+1,5 ai+1,j+1_




e This operation can be expressed in several equivalent ways:

Qik a a a a
row; = Trow; — —— X IOWg 1,1 “1.2 1,3 1,4

Akl

agr | k3 a4l

-1 .
Qi = Qi — Qi Qpp Ay j:k+1,,n
Q; Qj; j Qi j+1

= a;; — (ck)i(rZ)j j=k+1,...,n

i1,k Ai+1,5 Qi4+1,5+1

AR — Ak e T

Here, ¢, is the column vector with entries (c;.), = a;x/ak, and r} is

the row vector with entries (rf) = a;.
k) j

Formally, we think of (c;), =0, ¢ < k and (rz)j =0, j <k, though
we would implement as an update only to the active submatrix.

The m x n matrix ¢, ri is of rank 1. All columns are multiples
of the only linearly independent column, c,.

We typically save the entries of the multiplier column as the kth column
of a lower triangular matrix: l;; = (c;),.

In fact, since the entries below ag in A®HY) are zero, we can store the
values of the multiplier column /;; there.

Matlab: lu_demo _1.m




% Demo of outer—product-based LU factorization . =
format compact Note: This demo does not
use pivoting.

U=[ 1234 ;

0567 ;

0012 ; ey

0003 ] * For stability, we would
l=[ 1000 : invariably use partial

1100 ; H :

2410 pivoting b_ecause the

35611 computational overhead
A = LxU; [m,nl=size(A); (cost, in terms of
A, pause operations) is only O(n?),
vl Ly Ly o T where as the total factor
for k=1:n-1; kp=k+1; ic ~ 3

r = A(k,k:m)'; % Pivot Row costis 2/3 n

c = A(kp:m,k)/A(k,k); % Multiplier Column

A(kp:m,k:n) = A(kp:m,k:n) — cxr'; % Rank-1 Update

disp([ num2str(A) v num2str(U) 1), pause
end;

X

%  COMPACT FORM
%

display('Compact form, with L U overwriting A')

A = LxU;
for k=1:n-1; kp=k+1;
A(kp:m, k) = A(kp:m,k)/A(k,k); %% Store 1_k

A(kp:m,kp:n) = A(kp:m,kp:n) — A(kp:m,k)*A(k,kp:m);
disp([ num2str(A) v num2str(L) v num2str(U) 1), pause
end;

display('Compact form, with L U overwriting A')
A



Using LU Factorization in Practice

e Give LU = A, we can solve Ax = b as follows:

Given: Ax = LUx = Db
L({Ux) = Ly=b

Solve: Ly = b

Ux =y

e We have seen already that the total solve cost (for L and U solves) is 2 x n?.

e What about the factor cost, A — LU ?



LU Factorization Costs (Important)

In general, the cost for A — LU is O(n?).
It is large (i.e., it is not optimal, which would be O(n)), and therefore important.

The dominant cost comes from the essential update step:
k+1 k T

which is effected for K =1,...,n — 1 steps.

If A is square (n X n), then ¢, ri is a square matrix with (n — k)? nonzeros.

Wk “w»

Each entry requires one and its subtraction from A" requires one “”.

Total cost is 2 x [(n —1)* + (n —2)* + ...(1)?] ~ 2n>/3 operations.

Example: n = 10° — n? = 10°. Cost is about 0.6 billion operations.
With a 3 GHz clock and 2 floating point ops / clock, expect about 0.1 seconds (very
fast).

Example: n = 10* — n? = 10'2. Cost is about 600 billion operations.
With a 3 GHz clock and 2 floating point ops / clock, expect about 10.0 seconds.



First Step: Define sub-block

repartition

Uk
QT
C
& Ak—l—l
Ay




Single Gaussian Elimination Step

Uk—l—l

A/{:—I—l

Apa




Second Step: Annihilate ¢,

k

U Uk—|—l

Qg T
0 C. My,
Ak+1 0 Ak+1
Ay, At1
q Update step is:
Ak+1 — Ak+1 _ Qka/;klfg

which is a rank one update to A;:

Apy1 = Ay — myef Ay,



Can also be Implemented in Block Form

k
U Uk—I—l
Al RE
0o |, M
Fk+1 0 Ak+1
Ay, Ajy1

ARt = gkl o AZLRT

 Advantage is that, if A, is a b x b block, you revisit the A* sub-
block only n/b times, and thus need fewer memory accesses.
An order-of-magnitude faster. (LAPACK vs. LINPACK)



Factor Time [(3ec)

Matlab demo, gauss2.m

LU Factor Times vs. n

Matrix Order: n

Blue curve is rank-1 update

Red curve is rank-4 update

Black curve is matlab lu()

function

* |tuses a4 CPUs on the

Mac and achieves an
impressive 50 Gflops,
which is very near peak

Note that the black curve
represents a ~7100X speed
up over a naive rank-1
update approach. (Why?)



Next Topics

 Pivoting / zeros & stability
O Approach
O Permutation Matrices
O Stability
ad Cost

d Sherman Morrison
J Computing matrix 2-norm

d SPD / Cholesky Factorization

1 Banded Factorization
O Approach
d Cost



Recall our earlier example:

= O 00 = N

O H— OO = W

6
9
3
8

1
2
3
4

Iy
L2
L3
Ly

I

e First column is already in upper triangular form.

e Eliminate second column:

8

rows <— TOW3 — Z X TOW9
6

rowy <— TOWy4 — Z X TOW9
4

rows <— TIOW5 — Z X TOWy

® a9 = 4 is the pivot

® row, is the pivot row

® [39 — %, lyg = g, l50 = %, is the multiplier column.

W Niw O —




Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 0 T 1 2 3 0 7]
4 4 6 1 | 4 4 4 6 1| 4
8 8 9 21|14 — 0 -3 0|4
6 1 3 3|4 -5 —6 3| -2
i 4 2 8 4|4 i -2 2 3] 0]
This Case. General Case.
pivot = 4 = ay, when zeroing the kth column.
pivot row = [ 4 6 1]|4] =71 = ap, 5 =k+1,...,n[+b]
P
1 ik .
multiplier column = - = Cp = Qik i =k+1,...,n
4 Akk




Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 7

414 6 14|
8]s8 9 2
611 3 3

l 412 8 4|4 |
This Clase.
pivot = 4

pivot row :|[461\4]|

- 1
multiplier column = 1

1 2 3 07
4 4 6 1| 4

0 -3 0]—4

-5 —6 2| -2

! -2 2 3| 0]

— N DO ~ O o

General Case.

= ay, when zeroing the kth column.

=71, = ap;,j =k+1,...,n[+0b]

Ak

i =k+1,...,n
Ak



Generating Upper Triangular Systems: LU Factorization

e Augmented form. Store b in A(:,n + 1):

1 2 3 i
(ofa 6 174]
8]1s8 9 2
61l 3 3

|42 8 4|4
This Clase.
pivot :@

pivot row :|[461\4]|

8

multiplier column

1 2 3 07
4 4 6 1| 4

0 -3 0]—4

-5 —6 2| -2

! -2 2 3| 0]

General Case.

= ay, when zeroing the kth column.

=71, = ap;,j =k+1,...,n[+0b]

Ak

i =k+1,...,n
Ak

I c, — 1, store as column k of L.I




Pivoting

e We return to our original 5 X 5 example. The next step would be:

123 07
4 4 6 1| 4
(0] =3 0| 4]

5] -6 2| -2

i 23 0 |

e Here, we have diffiulty because the nominal pivot, ass is zero.

e The remedy is to exchange rows with one of the remaining two, since
the order of the equations is immaterial.

e For numerical stability, we choose the row that maximizes |a;]|.

e This choice ensures that all entries in the multiplier column are less than
one in modulus.



Next Step: £k =k +1

e After switching rows, we have

1 2 3 07 -1
4 4 6 1| 4 4
—5 —06 % —2 —
0 -3 0|4
a -2 2 3 0] i
pivot = —5

3
pivot row = [ —6 — | _2]

1 0
multiplier column = —

N
gy O NIW =




Pivoting:

J Moving small pivots down moves us closer to upper triangular form,
with no round-off.

O 1 e 1 1 1
PA_lO 1 1) e 1

A general principle in numerical computing regarding round-oft:
d Small corrections are preferred to large ones.

 Failure to exchange a small pivot on the diagonal can result in all
subsequent rows looking like multiples of the current pivot row -
singular submatrix.



Failure to pivot can result in all subsequent rows
looking like multiples of the kth row:

] Consider
(e ——)
A — a1 —I's5——
o T
a3z] —I'z3—

Gaussian elimination leads to

a,; a,;
T, — fi__zlfl __Zlfl-

Q

- Matlab example “pivot_off.m” | etc.



1.0e-18

1.0000

2.0000

3.0000

4.0000

.0000

.0000

.0000

.0000

.0000

pivot_partial.m

2.0000
4.0000
7.0000
1.0000

2.0000

.0000

.0000

.0000

.0000

.0000

.0000

.0000D

.0000

.0000

.0000D



Failure to Pivot, Noncatastrophic Case

1 In cases where the nominal pivot is small but > ¢,,, we are
effectively reducing the number of significant digits that represent
the remainder of the matrix A.

[ In essence, we are driving the rows (or columns) to be similar,
which is equivalent to saying that we have nearly parallel
columns.

d We saw already a 2 x 2 example where the condition number of
the matrix with 2 unit-norm vectors scales like 2 / n, where pis

the (small) angle between the column vectors.



LU Factorization with Patial Pivoting

e With partial pivoting, each M} is preceded by a permutation, P;
to interchange rows to bring entry with of largest magnitude into
diagonal pivot position.

e Still obtain MA = U with U upper triangular, but now,
M=M, 1P, ---M Py

o L = M is still triangular in a general sense, but not necessarily
lower triangular

e Alternatively, can write

PA =LU

where P = P,_; --- P permutes rows of A into order determined
by partial pivoting and now L is lower triangular

e “tlu.m’ demo



Partial Pivoting: Costs

Procedure:

e For each k, pick £k’ such that |agr| > |ai|, ¢ > k.
e Swap rows k and k.

e Proceed with central update step: A®*+Y = A% _ ¢ I

Costs:

e For each step, search is O(n — k), total cost is ~ n?/2.
e For each step, row swap is O(n — k), total cost is &~ n?/2.

e Total cost for partial pivoting is O(n?) < 2n3/3.

If we use full pivoting, total search cost such that
|apin| > |agl, 1,5 > k, is O(n?).

e Row and column exchange costs still total only O(n?).

Notes:

e Partial (row) pivoting ensures that multiplier column entries
have modulus < 1. (Good.)

e For banded matrices full pivoting also destroys band structure,
whereas partial pivoting leaves some band structure intact.
(Matrix bandwith increases by at most 2x.)



Partial Pivoting: LU=PA

Note: If we swap rows of A, we are swapping equations. — Must swap rows of b.
LU routines normally return the pivot index vector to effect this exchange.

Nominally, it looks like a permutation matrix P, which is simply the identity matrix
with rows interchanged.

If we swap equations, we must also swap rows of L

If we are consistent, we can swap rows at any time (i.e., A, or L) and get the same final
factorization: LU = PA.

Swapping rows of A**1 helps with speed (vectorization) of A*+) = A®) — ¢, T,

In parallel computing, one would not swap the pivot row between processors.
Just pass the pointer to the processor holding the new pivot row, where the swap would
take place locally.






Remaining Topics

 Condition Number Example

J Special Matrices

1 SPD / Cholesky Factorization

J Sherman Morrison



Condition Number and Relative Error: Ax =D>b

e Want to solve Ax = b, but computed rhs is:
b = b + Ab,
where we anticipate

Ab
|ab

bl

e Net result is we end up solving Ax’ = b’ and want to know how large is
the relative error in X’ = x + Ax,




e Since Ax’ = b’ and (by definition) Ax = b, we have AAx = Ab and thus,
[Ax]| < [JA7Y| []Ab|

bl < (1Al (1]
ﬁ < HAHH%H
|IA7}|(| < !\A\!ﬁ
< AIA™ o = cond(4) T

e Key point: If cond(A)=10", then expected relative error is & 10%¢y;,
meaning that you will lose k digits (of 16, if €5y &~ 10716,

e A similar analysis and result holds when the entries of A are perturbed.



lllustration of Impact of cond(A)

$% Check the error in solving Au=f vs eps*cond(A).

$% Test problem is finite difference solution to -u" = £
$% on [0,1] with u(0)=u(l)=0.

for k=2:20; n = (2"k)-1; h=1/(n+l);

ones(n,1l);

e=

A = spdiags([-e 2*e -e],-1:1, n,n)/(h*h); 1n*
X=1l:n; x=h*x';

ue=1l+sin(pi*(8*x.*x));

f=A*ue; [ g M * Con d( A )

u=A\f;

hk(k)=h; ck(k)=cond(A);
ek(k)=max(abs(u-ue))/max(ue);
end;
loglog(hk,ek, 'r-',hk,eps*ck, 'b-");
axis square

-1 Hﬂi
Here, we see that &, * cond(A) ” u-A'f ”1
bounds the error in the solution to Au=f,
as expected.

Error and Error bound




o If A is symmetric-positive definite (SPD), cond(A) = Amax

)‘min

e There are many matrices where we have good estimates for the
condition number.

e For example, the tridiagonal matrix below arises in many boundary-
4n?

value problems and has a condition number cond(A) ~ .

(2

—1 2

e The condition number can also be estimated at low cost when
solving a linear system Ax = b using Gaussian elimination.



Some Special Matrices

e Diagonally dominant
e Symmetric Positive Definite (SPD)
e Banded (a;; =0 for |i — j| > b)

e Sparse (number of nonzeros per row bounded, independent of n)



Matrices that do not Require Pivoting

e Diagonally dominant:

Z |alj‘ S |aj]|7 j: 17"'7”
i#]

e Symmetric positive definite (SPD):
A = A" and x'Ax > Oforall x # 0

e Some consequences of A being SPD:

e Diagonal entries, a; > 0,2=1,...,n
e Figenvalues, \;, > 0,7=1,....,n

e Linear systems can be solved with Cholesky factorization (“direct” method) or,
in the case of a sparse SPD system, conjugate gradients (“iterative” method)

e Being SPD does not, however, imply that A is well-conditioned.
(hilbert.m demo)



Condition Number of Hilbert Matrix

e The Hilbert matrix, H = h;; = H]%l is SPD

e [t is notoriously ill-conditioned, however, with x(H) growing exponentially

with n
Condition Number of Hilbert Matrix
20 E T T T
10 z o
10" F
10" ¥ o 0
107 o ©
10" ©
10" F o
10" F
1013 | o]
102 _ o)
fﬂ;’ 1010 F o]
X 10% F o
hdr; % Define fs=fontsize, etc. 1003;
hold off; :
1097 E o]
for n=1:20 10% F o
A=eye(n); 05 [
10% 1
. L O I —
for j=1:n; 10%4 ¢ h _— . "
for i=1:n; 109 E o 7’.7 ’I,—I—J —]_
end; 10 : o
end; 10%" £
c=cond(A,2) 10% t—o ! | |
. 0 5 10 15
semilogy(n,c, 'ro',1w,2); hold on; r]

xlabel('n',fs,20); ylabel('\kappa(A)',fs,20);
title('Condition Number of Hilbert Matrix',fs,20);
text(9,10000, '$h_{ij} = \frac{1}{i+j-1}$',intp,1ltx,fs,30);

end;



Example of SPD Matrix

e If B is invertible, then A = B'B is SPD.
x'Ax = xX!B'Bx = (Bx)!Bx = y'y =yl > 0

e The expression y = By can only be singular for nonzero x if B is singular.



Cholesky Factorization

o If A is SPD then LU factorization can be arranged so that U = L (for L not unit lower
triangular)

e This gives the Cholesky factorization
A = LL'

where L is lower triangular with posivite diagonal entries
e Algorithm for computing it can be derived by equating corresponding entries of A and LL”

e In 2 X 2 case, for example,
[ a1 a9 ] _ [ lii O ] [ li1 o ]
a1 G2 lo1 129 0 o

l11 = +/an loy = CL2l/l11 log = \/ d22 — l%l

implies



Cholesky Factorization

e One way to write the algorithm, with Cholesky factor L overwriting

lower triangle of A, is

for k=1ton
Akl = +/Qkk
fori=k+1ton
Qi = Qik/ ALk
end
forg=k+1ton
fori =7 ton
Aj; = A5 — Ak - Ajk
end
end
end

(loop over columns)

(scale current column)

(rank-1 update)



Cholesky Factorization, continued

e Features of Cholesky factorization

e Requires that A be SPD

e All n square roots are positive — algorithm is well defined

e No pivoting required to maintain numerical stability

e Only lower triangular part of A is accessed, so only 1/2 the storage is required

e Only n?/6 multiplications and additions required, so 1/2 the work

e Cholesky requires about half the work and half the storage of LU and avoids the
need for pivoting.



Band Matrices
OCLZ'j:OfOI" ‘j—Z’ > b

e Gaussian elimination for band matrices differs little from general case—only loop ranges
change

e Typically matrix is stored in array by diagonals to avoid storing zero entries

e If pivoting is required for numerical stability, bandwidth can grow (but no more than dou-

ble)

e General purpose solver for arbitrary bandwidth is similar to code for Gaussian elimination
for general matrices

e For fixed small bandwidth, band solver can be extremely simple, especially if pivoting is
not required for stability



100

200}
300}
400 |
500}

600
0

Band Matrices

100

100

200 300 400 500 600
nz = 120390

200 t

300

400

500

600
0

100 200 300 400 500 600
nz = 60495

100 t
200
300
400 t
500

600
0

100

200

300
nz = 60495

Significant savings in storage and work if A is banded - a;=0if |i-|>Db

The LU factors preserve the nonzero structure of A (unless there is pivoting, in

which case, the bandwidth of L can grow by at most 2x).

Storage / solve costs for LU is ~ 2nb

Factor costis~nb?2 << n3

300

500

600



Band Matrices

Definitely do not
invert A or L or

U for banded
systems!

50+
100
150 ¢
200 +
250
300 b
350 b

400
0

50+
100+
150+
200+
250+
300

350

400

100 200 300 400
hz = 8290

100 200 300 300
nz=4345

50+
100
150 +
200 +
250 +
300 +
350 +

400
0

50

100

150

200

250

300

350

400

0 100 200

100 200 300 400

nz=4345

U—1

nz=§0200



20

25

30

Cost of Banded Factorization

J  Active submatrix for matrix

with bandwidth b is (b x b ).

d  Work for outer product is

cr’, which is outer product
of two vectors of length b.

d  So, total work is ~ n x (b?)

X 2 operations to convert A
into LU.

O If we have pivoting, then

bandwidth of U can grow by
2X.

J Note that if b=1, matrix is

tridiagonal and factor cost
is O(n) - optimal!



Cost of Banded Factorization

------- d Pivoting can pull a row that

......... has 2b nonzeros to right of
........... - diagonal.

........... U can end up with
"""""" T bandwidth 2b.

nz=234



20 -

25 -

30

Cost of Banded Factorization

O Pivoting can pull a row that
has 2b nonzeros to right of
diagonal.

L U can end up with
bandwidth 2b.
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25

30

Cost of Banded Factorization

+ + 0+

+ o+

+

| | | |
10 15 20 25

nz=25

30

O Pivoting can pull a row that
has 2b nonzeros to right of
diagonal.

L U can end up with
bandwidth 2b.



Solver Times, Banded, Cholesky (SPD), Full

i LUtime forfull, banded, and SPD matrices

Factorization Time (seconds)

System Size, n



Solver Times, Banded, Cholesky (SPD), Full

¢ Demo of banded-matrix costs
clear all;

for pass=1:2;
beta=10;

for k=4:13; n = 2%k;

R=9%*eye(n) + rand(n,n); S=R'*R; A=spalloc(n,n,l+2*beta);

for i=1l:n; jO=max(l,i-beta);jl=min(n,i+beta);
A(1i,30:31)=R(1,30:31);

end;

tstart=tic; [L,U]l=1lu(A); tsparse(k) = toc(tstart);
tstart=tic; [L,U]=1lu(R); tfull(k) = toc(tstart);
tstart=tic; [C]=chol(S); tchol(k) = toc(tstart);
nk(k)=n;

sk(k)= (2*(n"3)/3)/(1.e9*tfull(k)); % GFLOPS
ck(k)= (2*(n"3)/3)/(1l.e9*tchol(k)); % GFLOPS

[n tsparse(k) tfull(k) tchol(k)]
end;

loglog(nk,tsparse, 'r.-",nk,tfull, 'b.~-",nk,tchol, 'k.=")
axis sqguare; title('LU time for full, banded, and SPD matrices')



Tridiagonal Matrices

e Consider tridiagonal matrix

bi <« 0 0
a’ b2 (@)
A= 1o 0

; an—1 bn-1 cCh-1
o --- 0 an b,

e Gaussian elimination without pivoting reduces to

1 1

di = by
fori =2ton
m; = a,-/d-_l
d; = bj — mici_1

end




Tridiagonal Matrices, continued

e LU factorization of A is then

1 0 0 d ca
my 1 0 d
L= , U=
m,—_1 1 0
| 0 0 m, 1 0

e Cost of solving Ax = b without pivoting is ~ 8n ops




Block Factorization

e Consider 2 x 2 block partition,

All A12
A —
A21 A22

e Perform block Gaussian elimination,

A Ap
U =
0 So9

e Here, Sop == Ay — A21A1_11A12, is the Schur complement,
e Note that

I,
L = :
A21A1_11 I

as can be verified by showing that LU = A.



Block Factorization

e Block factorizations can be used in many ways.

e We've seen one already, in which we replace inefficient rank-1 updates with
memory-efficienty rank-b updates, which lead to matrix-matrix products bearing
the brunt of the computational effort

e The Sherman-Morrison formula is another instance of using block-factorization



Sherman Morrison

~

[1] Solve Ax = b:
A — LU ( O(n®) work )
Solve Ly = b,
Solve Ux =y ( O(n*) work ).

2] New problem:
(A—uv!')x=Db. (different x and b)

Key Idea:

o (A — uvT) x differs from Ax by
only a small amount of information.

e Rewriteas: Ax+4+uy=D>b

vi=—vix +— vix+~y=0



Sherman Morrison

Extended system:

Ax+~yu = b
VTX—I—’)/ = 0



Sherman Morrison

Extended system: In matrix form:

Ax+~yu = b [A u](x) _ (b)
VTX+’7:O VT1 7y 0



Extended system:

AX +yu =
VTX—I—’)/ =

Eliminate for ~:

A

b
0

u

Sherman Morrison

In matrix form:

L

X
Y

)

X
0 1—-viA~tu ] ( v ) N ( —viA b



Sherman Morrison

In matrix form:

Ax+~yu = b [A u](
vix4+y = 0 vio1

Extended system:

Eliminate for ~:

A u X\
0 1—-viA~tu v )  \ —vliA7b

V= — (1 — VTA_lu)_1 viA b

X
Y

)



Sherman Morrison

Extended system: In matrix form:
()
vix+y =0 viol i

Eliminate for ~:

0] (7) = (W)

V= — (1 — VTA_lu)_1 viA b
x=A"(b—-uy)=A" [b +u(l- VTA_lu)_1 VTAlb}

|
T
S T



Sherman Morrison

Extended system: In matrix form:
()
vix+y =0 viol i

Eliminate for ~:

0] (7) = (W)

V= — (1 — VTA_lu)_1 viA b
x=A"(b—-uy)=A" [b +u(l- VTA_lu)_1 VTAlb}

I
N\
S T
N

(A-—uwv) =4 + Alu(1-vPA ) viATl



Sherman Morrison: Potential Singularity

e Consider the modified system: (A — uVT) x = b.

e The solution is

X = (A — uVT)_1 b
— [I + A (1 — VTA_lu)_1 VTA_l} A~ b,

o If1 — viAlu = 0, failure.

e Why?



Sherman Morrison: Potential Singularity

o Let A:= (A — uVT) and consider,
AAY = (A — uvT) Al
= (I — uvTA_l) .
e Look at the product AA ',
AAa = ([ — uvTA_l) u
= u—uviA'u
o If v!:A7'u =1, then
AA7 ' = u—u = 0,
which means that A is singular since we assume that A~! exists.

e Thus, an unfortunate choice of u and v can lead to a singular
modified matrix and this singularity is indicated by v A~lu = 1.



Sherman-Morrison Example

e (Q: What is the cost of solving Ax = b if A is n X n and of the form below?
(10 -1 -1-1-1-1-1 -1
-110 -1 -1-1-1 -1 —-.1
-1 -110 -1 -1 -1 -1 —.1
-1 -1-110 -1 -1 -1 —.1
-1 -1-1-110 —1 -1 —.1
-1 -1-1-1-110 —1 —.1
-1 -1-1-1-1-110 —.1
-1-1-1-1-1-1-1 1.0

e A: O(n)!






