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Ordinary Differential Equations

Minor potential sources of parallelism in solving initial value
problem for system of ODEs y' = f(¢,y) include

@ For multi-stage methods (e.g., Runge-Kutta), computation
of multiple stages in parallel

@ For multi-level methods (e.g., extrapolation), computation
of multiple levels (e.g., with different step sizes) in parallel

@ For multi-rate methods, integration of slowly and rapidly
varying components of solution in parallel

Michael T. Heath Parallel Numerical Algorithms



Parallelism in Solving ODEs
Ordinary Differential Equations Waveform Relaxation
Boundary Value Problems for ODEs

Ordinary Differential Equations

Major potential sources of parallelism in solving initial value
problem for system of ODEs y’ = f(¢,vy) include

@ Evaluation of right-hand-side function f in parallel (e.g.,
evaluation of forces for n-body problems)

@ Parallel implementation of linear algebra computations
(e.g., solving linear system in Newton’s method for stiff
ODEs)

@ Partitioning equations in system of ODEs into multiple
tasks (e.g., waveform relaxation, discussed next)
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Picard lteration

@ Consider initial value problem for system of n ODEs
y' = f(t,y), t > to, With IC y(to) = o
@ Starting with yo(t) = yo, Picard iteration is given by

t

Yrt1(t) = yo + t f(s,y(s)) ds

@ If f satisfies Lipschitz condition, then Picard iteration
converges to solution of IVP

@ Convergence may be slow, but parallelism is excellent, as
problem decouples into n independent 1-D quadratures
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Waveform Relaxation

@ Picard iteration is simple fixed-point iteration on function
space

@ Picard iteration is often too slow to be useful, but other
such iterations may be more rapidly convergent

@ lterative methods of this type are commonly called
waveform relaxation
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Jacobi Waveform Relaxation

@ For n = 2, consider iteration
/
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@ System of two independent ODEs can be solved in parallel

@ Method generalizes in obvious way to arbitrary system of n
ODEs and decouples system into n independent ODEs

@ Because of its analogy to Jacobi iteration for linear
algebraic systems, method is called Jacobi waveform
relaxation
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Gauss-Seidel Waveform Relaxation

@ Convergence rate of Jacobi waveform relaxation is
improved by Gauss-Seidel waveform relaxation, illustrated
here for n = 2
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@ Unfortunately, system is no longer decoupled, so

parallelism is lost unless components are reordered,
analogous to red-black or multicolor ordering

@ More generally, multi-splittings can further enhance
parallelism in waveform relaxation methods
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Boundary Value Problems for ODEs

Potential sources of parallelism in solving boundary value
problems for ODEs include

@ For finite difference and finite element methods, parallel
implementation of resulting linear algebra computations
(e.g., cyclic reduction for tridiagonal systems)

@ Multi-level methods

@ Multiple shooting method

Michael T. Heath Parallel Numerical Algorithms



Parallelism in Solving ODEs
Ordinary Differential Equations Waveform Relaxation
Boundary Value Problems for ODEs

References — Parallel Solution of ODEs

@ P. Amodio and L. Brugnano, Parallel solution in time of
ODEs: some achievements and perspectives, Appl.
Numer. Math. 59:424-435, 2009

@ U. M. Ascher and S. Y. P. Chan, On parallel methods for
boundary value ODEs, Computing 46:1-17, 1991

@ A. Bellen and M. Zennaro, eds., Special issue on parallel
methods for ordinary differential equations, Appl. Numer.
Math. 11:1-258, 1993

@ K. Burrage, Parallel methods for initial value problems,
Appl. Numer. Math. 11:5-25, 1993

Michael T. Heath Parallel Numerical Algorithms



Parallelism in Solving ODEs
Ordinary Differential Equations Waveform Relaxation
Boundary Value Problems for ODEs

References — Parallel Solution of ODEs

@ K. Burrage, Parallel and Sequential Methods for Ordinary
Differential Equations, Oxford Univ. Press., 1995

@ K. Burrage, ed., Special issue on parallel methods for
ordinary differential equations, Advances Comput. Math.
7:1-197, 1997

@ C. W. Gear, Parallel methods for ordinary differential
equations, Calcolo 25:1-20, 1988

@ C. W. Gear, Massive parallelism across space in ODEs,
Appl. Numer. Math. 11:27-43, 1993

@ C. W. Gear and X. Xuhai, Parallelism across time in ODEs,
Appl. Numer. Math. 11:45-68, 1993

Michael T. Heath Parallel Numerical Algorithms



Parallelism in Solving ODEs
Ordinary Differential Equations Waveform Relaxation
Boundary Value Problems for ODEs

References — Parallel Solution of ODEs

@ K. R. Jackson, A survey of parallel numerical methods for
initial value problems for ordinary differential equations,
IEEE Trans. Magnetics 27:3792-3797, 1991

@ J. Nievergelt, Parallel methods for integrating ordinary
differential equations, Comm. ACM 7:731-733, 1964

@ P. J. van der Houwen, Parallel step-by-step methods, Appl.
Numer. Math. 11:69-81, 1993

@ J. White, A. Sangiovanni-Vincentelli, F. Odeh, and
A. Ruehli, Waveform relaxation: theory and practice, Trans.
Soc. Comput. Sim. 2:95-133, 1985

@ D. E. Womble, A time-stepping algorithm for parallel
computers, SIAM J. Stat. Comput. 11:824-837, 1990

Michael T. Heath Parallel Numerical Algorithms



	Ordinary Differential Equations
	Parallelism in Solving ODEs
	Waveform Relaxation
	Boundary Value Problems for ODEs


