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Elliptic PDE: Laplace/Poisson Equation
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Called Laplace equation if f = 0. With Dirichlet boundary condition
u(x) = g(x) (x € 09).

Demo: Elliptic PDE lllustrating the Maximum Principle




Elliptic PDEs: Singular Solutiog

A V‘&’f(?‘) :SJ\(X} )”(x) oy = Y’(U)

Demo: Elliptic PDE Radially Symmetric Singular Solution

Given G(x) = Clog(|x|) as the free-space Green's function, can we
construct the solution to the PDE with a more general 7
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What can we learn from this?
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Elliptic PDEs: Justifying the Singular Solution
!
( »}j/) = (p/,x?}: (})*77

u(x) = (G *f)(x) = y G(x —y)f(y)dy

Why?
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Parabolic PDE: Heat Equation

V'Uﬂ”/ﬁ=v(ﬂ-w”&J
/ v ”):(\ w

T/Té'l W
Ur = Uy ((x,t) € [0,1] x [0, T])

2 u(x,0)=g(x) (x€[0,1])
u(0,t) =u(1,t) =0 (te[o,T)])

with g(x) = sin(7x). Separation-of-variables analytic solution?
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Parabolic PDE: Solution Behavior

Demo: Parabolic PDE What can we learn from analytic and numerical
solution?
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Hyperbolic PDE: Wave Equation

Supe = Pl ((x,t) e Rx [0, T])
u(x,0)=g(x) (xER)
with g(x) = sin(7x).

Is this problem well-posed?

\Ak(X‘O =0 (xe )

Can be rewritten in conservation law form:

f\t)r V‘Hq) = S(X)




Hyperbolic Conservation Laws
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Why is this called a conservation law?
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Wave Equation as a Conservation Law

< N

Rewrite the wave equation in conservation law form: %FVDW:/??: J
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Solving Conservation Laws

Solve U Cungy
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Hyperbolic: Solution Properties

Properties of the solution for hyperbolic equations:
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Outline

Introduction

Preliminaries: Differencing
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Interpolation and Vandermonde Matrices
V i = parlmlvd'wb;
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Taking Derivatives Numerically

Why shouldn’t you take derivatives numerically?

Demo: Taking Derivatives with Vandermonde Matrices




