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Finite Difference for Hyperbolic: Idea
{(Xk, tg) DXk = khy, ty = fht}
U\Pﬁ AWn,=0 J/ If u(x,t) is the exact solution, want

Uk o = u(xk, tg).

Condition at each grid point?
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What are explicit/implicit schemes?
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Designing Stencils

EfCs: Terminology?
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Crank—l\ﬁ?son

Write out Crank-Nicolson:
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Lax-Wendroff

Laxs

Wend rfff
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What's the core idea behind Lax-Wendroff?
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Write out Lax-Wendroff.
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Exploring Advection Schemes

Demo: Methods for 1D Advection

» Which of the schemes “work”?

» Any restrictions worth noting?



Outline

Finite Difference Methods for Hyperbolic Problems

Stability and Convergence



A Matrix View of Two-Leye
Define

encil Schemes
Define

U(Xla t@)

vy : , V= uy
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v, u(xn,, tr)

UN,¢
inite Difference Scheme)

A finite difference scheme that can be written as

u

UNt
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is called a two-level linear finite difference scheme.
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Rewriting Schemes in Matrix Form

Phvei1 =

Find P, and Q) for ETCS:

Qnve + heby
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Find Py, and Qp, for Crank-Nicolson:
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Truncation Error

Definition (Truncation Error)
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Demo: Truncation Error Analysis via sympy




Error and Error Propagation

Express truncation error in our two-level framework:
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Define e; = uy —@ Understand the error as accumulation of truncation
error:
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Discrete and Continuous Norms

To measure properties of numerical solutions we need norms. Define a
discrete L* norm.
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Define a discrete L2 norm.
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Important features:
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Consistency and Convergence
Assume u, (0% )u, (07*)u € L%(R x [0, t*]).

Definition (Consistency)

A two-level scheme is consistent in the L?-norm with order g; in time and
gx in space if
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Definition (Convergence)

A two-level scheme is convergent in the L?-norm with order g; in time and
gx in space if
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Analyzing ETFS

Uk o1 — Uky + aUk+1,£ — Uiy -0
ht hx

Let's understand more precisely what happens for this scheme.




