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Numerical Dissipation/Dispersion Analysis
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Goal: Want discrete finite difference scheme to match {")(&/
dissipation/dispersion behavior of continuous PDE.

Define a discrete wave-like function:

;(“Ax" UJL{)

RN

We want z to solve Ppzy,1 = Qpzy. How can we connect the operators to
the wave solution? \
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Toeplitz and Waves
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Theorem (Waves Diagonalize Toeplitz Operators)
Let T be a Toeplitz operator. Then Tz, = \(k)z; = t(khy)z,
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Waves and Two-Level Schemes

Since Py and @y are Toeplitz, we must have

@1 = )\p(k)Zg+1, @ )\Q(k)Zg.

What does that mean?
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Seen before?
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Discrete Di ion Relation (1/2 /
iscrete Dispersion Relation (1/2) 6/6“‘«_ w}[\é}

So zy is a solution of the finite difference scheme if w = w(khy) satisfies
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Let s(k) = |s(x)| e#() — elogls(x)I+ic(m) ()7
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Discrete Dispersion Relation (2/2)

_ —p(r) + ilog|s()|
w(k) = e .

Plug that into the wave-like solution:
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Criterion for stability?
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Numerical Dispersion/Dissipation
Finite difference scheme Pruyi1 = Qpuy with symbol s(k).
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When is the scheme dissipative?
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What is the phase speed?
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Dispersion?
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Dispersion/Dissipation Analysis of ETBS
Let A = ah;/hy. Shown earlier: s(khy) =1 — (1 — e~ /khx).
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Dispersion/Dissipation Analysis of ETBG: Fine Grid

e—iw(n)ht -1 )\(1 o e—ikhx)

1€ Lk, 1s smﬁ{’ g”“‘L’/‘C |- ;LL\Y

l& w(u)l,w fmcvu’ aVani\m&i’t e»:’w(u}i«&

|- i) b J-ide ) clehadl = 2y 2

[
w(&Lx) ~ Gl V,Lﬁ%?: a2

s(e) 2=\ N(1-k) < =i,

2| <ol

[

b g
X

e

2b



Dispersion/Dissipation: Demo

» Demo: Experimenting with Dispersion and Dissipation

» Demo: Dispersion and Dissipation




