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Improving Accuracy

Consider our existing discrete FV formulation:

f(uj+1/;< F(uj—1/2,0))-

What obstacles exist to increasing the order\of accuracy?
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What order of accuracy can we expect?
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Improving the Order of Accuracy

Improve temporal accuracy.
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What's the obstacle to higher spatial accuracy?
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How can we improve the accuracy of that approximation?
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Temporary Assumptions: ( = — @,}ml
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>: f(d;) (e.g. Godunov in this situation) WL

Reconstruct uj 1/, using {&;_1, Ij, Uj41}. Accuracy? Names?
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Compute fluxes, use increments over cell average:
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Lax-Wendroff Ak Ql"‘)x _0

For u; + auy, from finite difference:

e au” +aut % At
Fram )= 2T R ),

Taylor in time: upy 1 = wy @ h +ht/2 + O(h?).
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As a Riemann solver:

u~ ut trers o a
Pty = T P oy ity — fumy).



Monotone Schemes

Definition (Monotone Scheme)

A scheme

~ ~

et = U= MF(U—p, - Ujrg) = F(Ujp-1, -+ Ujrg-1))
= G(uj—p—ly---yuj—l-q)

is called a montone scheme if G is a‘monotonically nondecreasing function
G(T,1,...,1) of each argument.



Monotonicity for Three-Point Schemes

Three-Point Scheme:
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Lax-Friedrichs is Monotone

f(u™)+ f(u™)

f(u=,ut) = 5 - %(u —u").

Show: This is monotone. \/
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Monotone Schemes: Properties

Theorem (Good properties of monotone schemes)

» [ocal maximum principle:

min up < G(u); < max uj.

i€stencil around j " iestencil around j
» [l-contraction:
16(a) = GWI A < =,

» TVD:
TV(G(u)) < TV(u).

» Solutions to monotone schemes satisfy all entropy conditions.



Godunov's Theorem

Theorem (Godunov)
Monotone schemes are at most first-order accurate.

What now?
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Linear Schemes

Definition (Linear Schemes)

A scheme is called a linear scheme if it is linear when applied to a linear
PDE:
us + auy, = 0,

where a is a constant.

Write the general case of a linear scheme for u; + uy = 0:
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Linear + TVD =7

Theorem (TVD for linear Schemes)

For linear schemes, TVD = monotone.

What does that mean?

Civew TUD ovss ae o) VVW{'%'J."W

. v

Now what?
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Harten's Lemma

Theorem (Harten's Lemma)

If a scheme can be written as
P

Ujer1 = Uy + MCir108405 — Dj_qpA_17j)

e —

with i1/ 3 o> 0, 1— A(Ciy1/2 + Djs1/2) = 0 and
\ = NT/\x, then it is TVD. VL'W)‘\—J

AL g Uj+1 — uj,

As a matter of notation, we have

A_uj = uj—uj_1.

We have omitted the time subscript for the time level £.



Harten's Lemma: Proof éillX‘m“;}\ ‘@@ﬂ)
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Minmod Scheme
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Design a ‘safe’ thing to use for i:

F(; + %(ﬁj — Gj-1))-
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