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Systems of Conservation Laws

Linear system of hyperbolic conservation laws, A € R™*™:

“ u(x,0) = wo(x).
Assumptions on A? —(/7\4[\_,

Affpe /\(J e [P:]V‘«)
V=@R"' AL QA

vt+/\vx= O




Linear System Solution

v = R_lu, v+ Avy, =0.

Write down the solution.

C&[o) = Q_, (:)(y‘O

©) D
& (xt) = if’ e Vo (’“AP£ 9)

What is the impact on boundary conditions? E.g. (\,) = (—c,0,¢) for a
BC at x =0 for [0, 1]7? v
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Characteristics for Systems (1/2)

Consider system u; + f(u),x = 0. Write in quasilinear form:

f/éktf/(([i) UQ\K =J A(U}:}F

When hyperbolic?




Shocks and Riemann Problems for Systems

utTLéux = 0, —_—
[z R,

> > u x<0, 2 -
\/t“'/] VX:O U(X,O) = {

u, x>/0.

Solution? (Assume strict hyperbolicity with A1 < Ay < -+ < Ap,.)
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Shock Fans (1/2)

What does the solution look like?
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Jump across the characteristic associated with A\,?
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Shock Fans (2/2)

Do those jumps satisfy Rankine-Hugoniot?

£chm = u)] = Al °A(/"P‘°‘(°)a = (ﬂp-"‘p);ﬂ “elul
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How can we find intermediate values of u?
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Two Dimensions {‘> ne Pl <0 p= {3) \%‘
us + f(u)x + g(u), = 0. Finite volume methods generalize in principle:
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Outline

Finite Element Methods for Elliptic Problems
tl;dr: Functional Analysis
Back to Elliptic PDEs
Finite Element Approximation
Non-symmetric Bilinear Forms
Mixed Finite Elements



Outline

Finite Element Methods for Elliptic Problems
tl:dr: Functional Analysis



Function Spaces

AN

/

Consider
‘KVI XS _%7 :
_J)3 3 1 1~ —
‘Fh‘: Q fa(x) = 3x— Tx3 —L<x<i -
1 X > 1/n. -l

Converges to the step function. Problem?
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Norms

Definition (Norm)

A norm || - || maps an element of a vector space into [0, 00). It satisfies:
> |x][=0&x=0
> [IAx]l = Al
> |lx 4yl < [IxIl + llyll (triangle inequality)



Convergence

Definition (Convergent Sequence)

Xp =+ X & ||xp — x|| = 0 (convergence in norm)

Definition (Cauchy Sequence)
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Banach Spaces

Definition (Complete/“Banach” space)

[ Cva”n{/ =D nomt  (owy-

What's special about Cauchy sequences?

q"d% Q/,',\.. I'\)f

Counterexamples?
(C,‘J, H(f')/:ﬂyl )




More on C° ' —é,—s—-—)\\

Let Q/bg,%r)pen. Is CO(Q) with ||f|| . := supycq |f(x)| Banach?
N-=(0,) }M,_ Pe Clu)
Jf/) = oo tof ey nvmed.
Is CO(Q) with ||f||, := supycq |f(x)| Banach?
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