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Banach Spaces ha-w ] € ﬂ[,\h- u\l| >0
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Definition (Complete/“Banach” space)
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What's special about Cauchy sequences?
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Counterexamples?




More on C°

Let Q C R" be open. Is C°(Q) with m SUpycq |f(x)| Banach?
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Is CO(Q) with ||l := supyeq |f(x)| Banach?
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C™ Spaces
Y
Let Q CR". closed - N:\
Consider a multi-index k = (ki,. .., kn) and define the symbols
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Definition (C™ Spaces)
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LP Spaces LQLcsav% ,,quo(,

Let 1 < p < 0.

Definition (LP Spaces)

LP(Q) := {u :(u:R—R) measurable,/ lulP dx < oo} ,
Q
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Definition (L> Space)

/A(«A)=Sp\

L>(Q) :={u: (v:R — R),|u(x)| < oo almost everywhere} ,

l|ul|oo = inf {C : |u(x)| < C almost everywhere} .



LP Spaces: Properties (U\|d) e ol “U”O’

Theorem (Holder's Inequality)
Forl1 < p,q<oowithl/p+1/q =1 and measurable u and v,

horoll, = el 1ol

Theorem (Minkowski's Inequality (Triangle inequality in LP))

For1 < p <ooandu,v e LP(Q),
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Inner Product Spaces
Let V be a vector space.

Definition (Inner Product)

An inner product is a function (-,-) : V x V — R such that for any
f,g,heVandaeR

ff) > 0,
(F.f) = 0& f=0, (/)
(f.g) = Mvézé\)

(af +g,hy = «alf,h)+ (g, h).

Definition (Induced Norm)

Il = VA, f&e



Hilbert Spaces
Definition (Hilbert Space)

An inner product space that is complete under the induced norm.
Let Q be open.
Theorem (L?)

L?(R) equals the closure of (set of all imits of Cauchy sequences in)
C5°(Q2) under the induced norm ||-||,.

Theorem (Hilbert Projection)
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Weak Derivatives
Define the space L}  of locally integrable functions. g ("" L

loc
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Definition (Weak Derivative)

v € LL _(Q) is the weak partial derivative of u € LL () of multi-index
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Weak Derivatives: Examples (1/2)

Consider all these on the interval [—1,1].
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Weak Derivatives: Examples (2/2)




Sobolev Spaces

Let Q C R”, keNoand 1< p< .
Definition ((k, p)-Sobolev Norm/Space)
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More Sobolev Spaces
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Outline

Finite Element Methods for Elliptic Problems

Back to Elliptic PDEs



An Elliptic Model Problem
Let Q C R" open, bounded, f € Hl(f_Z). @
—V -Va+u = f(x) (xeQ),
Az OV goha-PLe T 4y = 0 (x € 00).
Let V := HY(Q). Integration by parts? (Gauss's theorem applied to uv):
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Motivation: Bilinear Forms and Functionals

/Vu-Vv—i—/uv:/fv.
Q Q

Recast this in terms of bilinear forms and functionals:

blioor o \>q(wJ . S V- {SW
Qia o Conthiancd > 3 gj <J/V)L1 :
G(U\V\ZJ UJ Vor o2 v@H;(ﬂz)




Dual Spaces and Functionals j(xﬂg)’gl*) *2_[_3)

Bounded Linear Functional

Let (V,||-||) be a Banach space. A linear functional is a linear function
g : V — R. Itis bounded (& continuous) if there exists a constant C so
that |g(v)| < Cv| forall v e V.

Dual Space

Let (V,||-||) be a Banach space. Then the dual spacs the space of
bounded linear functionals on V.

Dual Space is Banach (cf. e.g. Tréves 1967)

Nl

{ gl - “V\M i,

V' is a Banach space with the dual norm




Functionals in the Model Problem 9(v) -

Is g from the model problem a bounded functional? (In what space?)
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That bound felt loose and wasteful. Can we do better?




