


Banach Spaces

Definition (Complete/“Banach” space)

What’s special about Cauchy sequences?

Counterexamples?



More on C 0

Let Ω ⊆ Rn be open. Is C 0(Ω) with �f �∞ := supx∈Ω |f (x)| Banach?

Is C 0(Ω̄) with �f �∞ := supx∈Ω |f (x)| Banach?



Cm Spaces
Let Ω ⊆ Rn.

Consider a multi-index k = (k1, . . . , kn) and define the symbols

Definition (Cm Spaces)



Lp Spaces
Let 1 ≤ p < ∞.

Definition (Lp Spaces)

Lp(Ω) :=

�
u : (u : R → R) measurable,

�

Ω
|u|p dx < ∞

�
,

�u�p :=

��

Ω
|u|p dx

�1/p

.

Definition (L∞ Space)

L∞(Ω) := {u : (u : R → R), |u(x)| < ∞ almost everywhere} ,
�u�∞ = inf {C : |u(x)| ≤ C almost everywhere} .



Lp Spaces: Properties

Theorem (Hölder’s Inequality)

For 1 ≤ p, q ≤ ∞ with 1/p + 1/q = 1 and measurable u and v ,

Theorem (Minkowski’s Inequality (Triangle inequality in Lp))

For 1 ≤ p ≤ ∞ and u, v ∈ Lp(Ω),



Inner Product Spaces
Let V be a vector space.

Definition (Inner Product)

An inner product is a function �·, ·� : V × V → R such that for any
f , g , h ∈ V and α ∈ R

�f , f � ≥ 0,
�f , f � = 0 ⇔ f = 0,
�f , g� = �f , g� ,

�αf + g , h� = α �f , h�+ �g , h� .

Definition (Induced Norm)

�f � =
�

�f , f �.



Hilbert Spaces
Definition (Hilbert Space)

An inner product space that is complete under the induced norm.

Let Ω be open.

Theorem (L2)

L2(Ω) equals the closure of (set of all imits of Cauchy sequences in)
C∞

0 (Ω) under the induced norm �·�2.

Theorem (Hilbert Projection)



Weak Derivatives
Define the space L1

loc of locally integrable functions.

Definition (Weak Derivative)

v ∈ L1
loc(Ω) is the weak partial derivative of u ∈ L1

loc(Ω) of multi-index
order k if

In this case, Dk u := v



Weak Derivatives: Examples (1/2)
Consider all these on the interval [−1, 1].

f1(x) = 4(1 − x)x

f2(x) =

�
2x x ≤ 1/2,
2 − 2x x > 1/2.



Weak Derivatives: Examples (2/2)

f3(x) =

�
1
2
+




−
�

1
2 − x x ≤ 1/2,

−
�

x − 1
2 x > 1/2.



Sobolev Spaces

Let Ω ⊂ Rn, k ∈ N and 1 ≤ p < ∞.

Definition ((k , p)-Sobolev Norm/Space)



More Sobolev Spaces

W 0,2?

W s,2?

H1
0 (Ω)?



Outline

Introduction

Finite Difference Methods for Time-Dependent Problems

Finite Volume Methods for Hyperbolic Conservation Laws

Finite Element Methods for Elliptic Problems
tl;dr: Functional Analysis
Back to Elliptic PDEs
Finite Element Approximation
Non-symmetric Bilinear Forms
Mixed Finite Elements

Discontinuous Galerkin Methods for Hypberbolic Problems

A Glimpse of Integral Equation Methods for Elliptic Problems



An Elliptic Model Problem
Let Ω ⊂ Rn open, bounded, f ∈ H1(Ω̄).

−∇ ·∇u + u = f (x) (x ∈ Ω),

u(x) = 0 (x ∈ ∂Ω).

Let V := H1(Ω). Integration by parts? (Gauss’s theorem applied to uv):

Weak form?



Motivation: Bilinear Forms and Functionals

�

Ω
∇u ·∇v +

�

Ω
uv =

�
fv .

Recast this in terms of bilinear forms and functionals:



Dual Spaces and Functionals
Bounded Linear Functional
Let (V , �·�) be a Banach space. A linear functional is a linear function
g : V → R. It is bounded (⇔ continuous) if there exists a constant C so
that |g(v)| ≤ C �v� for all v ∈ V .

Dual Space

Let (V , �·�) be a Banach space. Then the dual space V � is the space of
bounded linear functionals on V .

Dual Space is Banach (cf. e.g. Trèves 1967)

V � is a Banach space with the dual norm



Functionals in the Model Problem
Is g from the model problem a bounded functional? (In what space?)

That bound felt loose and wasteful. Can we do better?


