




Sobolev Seminorms
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Definition ((k , p)-Sobolev Seminorm)

The Sobolev seminorm is given by



Conditions on the Mesh
Let Ω be a polygonal domain.

Admissibility (Braess, Def. II.5.1)

A partition (mesh) T = {E1, . . . ,EM} of Ω into triangular or quadrilateral
elements is called admissible if

Give an example of a non-admissible partition.



Mesh Resolution, Shape Regularity
Definition (Diameter)

Mesh Resolution

Definition (Shape Regularity (Braess, Def. II.5.1))

A family of partitions {Th} is called shape regular if



Cone Conditions
Definition (Lipschitz Domain)

A bounded domain Ω ⊂ Rn is called a Lipschitz domain provided that. . .

Lipschitz domains satisfy a cone condition:

Theorem (Rellich Selection Theorem (Braess, Thm. II.1.9))

Let m ≥ 0, let Ω be Lipschitz. Then the imbedding Hm+1(Ω) → Hm(Ω) is
compact, i.e. any bounded sequence in the range of the imbedding has a
convergent subsequence.



The Interpolation Operator
Theorem (Interpolation Operator (Braess, Lemma II.6.2))

Let Ω ⊂ R2 be Lipschitz. Let t ≥ 2, and z1, z2, . . . , zs are s := t(t + 1)/2
prescribed points in Ω̄ such that the interpolation operator I : H t → Pt−1

is well-defined. Then there exists a constant c so that for u ∈ H t(Ω)

Theorem (Approx. for Congruent � (Braess, Remark II.6.5))

Let Eh := hÊ , i.e. a scaled version of a reference triangle, with h ≤ 1.
Then, for 0 ≤ m ≤ t, there exists a C so that



Approximation for Congruent Triangles: Proof

�u − Iu�Hm(Eh)
≤ Cht−m |u|Ht(Eh)

(0 ≤ m ≤ t)



Hm Polynomial Approximation on Meshes
Definition (Broken Norm)

Given a partition Th = {Ei}Mi=1 and a function u such that u ∈ Hm(Ei ),

Approximation Theorem (Braess, Theorem II.6.4)

Let t ≥ 2, suppose Th is a shape-regular triangulation of Ω. Then there
exists a constant c such that, for 0 ≤ m ≤ t and u ∈ H t(Ω),

of
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Weak Forms as Minimization Problems
Let V be a linear space, and a : V × V → R a bilinear form, and g ∈ V �.

Theorem (Solutions of Weak Forms are Quadratic Form Minimizers)

If a is SPD, then

attains its minimum over V at u iff a(u, v) = g(v) for all v ∈ V .



Saddle Point Problems
X , M Hilbert spaces. a : X × X → R and b : X ×M → R continuous
bilinear forms, f ∈ X �, g ∈ M �. Minimize

J(u) =
1
2
a(u, u)− �f , u� subject to b(u, µ) = �g , µ� (µ ∈ M).

Apply the method of the Lagrange multipliers.



Example: Saddle Point Problem in R2

f (x , y) = x2 + y2 → min!

g(x , y) = x + y = 2

Write down the Lagrangian.

Show that x = y = 1, λ = −2 is a saddle point.


