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Example: Lagrange Multipliers in R?

RYCRATRNIA

[l‘(x,y)zxz—i-y2 —  min!
glxy)=x+y = 2

Write down the Lagrangian.

f{?(l‘j)\3= g [“)t{)}*f'/\ﬂ(\‘;{])

Write down a necessary condition for a constrained minimum.

0 VA =(V®®?‘




Saddle Point Problems
X, M Hilbert spaces. a: X x X - Rand b: X x M — R continuous

bilinear forms, f € X', g € M’. Minimize
1
) = Law — () subjectto Ob(ug) = () (€ M),
20—

A

Apply the method of the Lagrange multipliers.

Ll A= J)«Loln 2y - 19N ]
\:l'd{ (V\'l\) EXX/"‘
o) * (v N () (v ex)

b(“/ r)= (91/‘”) (/V‘GM)

>
/50‘04”1 Iﬁ (.ﬁllk \, Agr"la;w




Example: Saddle Point Problem in R?

f(x,y) =x*4+y*> — minl
glx,y)=x+y = 2
Lagrangian: L(x,y,\) = f(x,y) + Ag(x,y) = x>+ y2 + AMx +y — 2).
Show that x =y =1, A = —2 is a saddle point.

H :QH( v-‘1)
& (A8) ~( Ko
6o o -KR)




Stokes Equation

2w TR)= (Fixen),

- V-u (x € Q),
u = uy (xe9).

What are the pieces?

— a ;S UQQO (,1'17 %
- p \IS J‘L\e ()lCSSML
- £ 05 anex MUCLJ nMalM\ fovze TiekA




Stokes: Properties
ﬁstL

AUV = —f (xe€Q), ~
‘ 0 (xeQ
“II’ e ‘qi! N

:@ (x € 09Q).

Can we choose any ug?

Does Stokes fully determine the pressure?

- omb wp o 4 Cond.




Stokes: Variational Formulation Qe
2 Au+Vp=—f, V-u=0 (xecaQ).

Choose some function spaces (for homogeneous ug = 0).

X, () = LR+ e
ya T - _
M=% ()= gt gl«ﬂk-oj

Derive a weak form.

ald3) = § ) b(V,4) <(@7)4
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Solvability of Saddle Point Problems

The Stokes weak form is clearly in saddle-point form.
Do all saddle point problems have unique solutions?
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The inf-sup Condition (é‘r%> ~ ﬁ?a’/fa)
a(u,v) +b(v,A) = (f,v) (veX),
— b = (e) (wem). |

Theorem (Brezzi's splitting theorem (Braess, 111.4.3))

The saddle point problem has a unique solution if and only if
——————

» The bilinear form a(-,-) is V-elliptic, where
V={u: l‘)\(u,u) = Ofor all p € M}, i.e. there exists cg > 0 so that

\ alvv) 2 c,,Hv":«

» There exists a\fonstant ¢2 > 0 so that (inf-sup or LBB condition):

_{_-, IO(V[/IJ S _ ¢4 E)(\/ )
AT swp 22 > o ap 2202 s [ pll
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inf-sup and Stokes

a(u,v) = /JU:J.,, where A: B =tr(ABT),
Q
b(v,q) = V- vg.

Find (u, p) € X x M so that

a(u,v)+b(v,p) = (f,v)2 (veX),
b(u,q) = 0 (qeM).

Theorem (Existence and Uniqueness for Stokes (Braess, 111.6.5))

There exists a unique solution of this system when f € H=(Q)".

(based on results due to Lady3enskaya, Necas)



Discretizations for Stokes

Demo: 2D Stokes Using Firedrake (P!-P?)

Give a heuristic reason why P1-P! might not be great.

D?Q,opw«hn; Y owAp e 6§
A ovde.

Demo: Bad Discretizations for 2D Stokes




Establishing a Discrete inf-sup_Condition

Fortin's Criterion ([Fortin 1977])

Suppose ther[e exists a bounded projector Iy : X — X}, so that

( (veX
b(\l/l“n=[9(ﬁy\vl/°h) (VeNe HV'TT"VIP");O ,«»,\eﬁl\,‘)

r some constant ¢ independent of h, then b satisfies the

ordition on Xy, X M. Lef/t/*é/’
n €1,

Sup b{\lq,f‘n) S Sop bl\/”,‘n) < g,,\{_) IOIWMV’H);CIA \O{V' AJ
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H!-Boundedness of the L?-Projector
Assume H>2-regularity and a upiform triangulations 7. (Not in general!)

H'-Boundedness of the L2-Projector (Braess Corollary 11.7.8)

Let 79 be the Lp-projector onto a finite element space V}, C HY(Q2). Then,
for an h-independent constant c,

[7 I oV UH < vl ]
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H!-Boundedness of the L?-Projector

Does H! boundedness of the H* projector hold?

How would this break down without the uniformity assumption?




Bubbles and the MINI Element

What is a bubble function?

%, (v o) = V-S(/""S)

Let B3 be the span of the bubble function and 7} the triangulation.

Define the MINI variational space X, x M.

X, = P« 8
M, P!

Computational impact of the bubble DOF?




The Bubble in Pictures

r+s<=17r*s*(1-r-s):1/0 ——
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MINI Satisifies an inf-sup Condition (1/4)
MINI satisifes inf-sup (Braess Theorem [11.7.2)

Assume €2 is convex or has a smooth boundary. Then the MINI variational
space satisfies an inf-sup condition for every variational form that itself

satisfies one.




MINI Satisifies an inf-sup Condition (2/4)

Create a projector onto the bubble space B3.

L L SR £ 1

A
SE(W;.V"\/)“EO for €T,

What does this bubble projector do?

— (o'v’f. co-n.'s\.
-~ NP,ULQVW}L S‘ (,5‘-61’.

Do we have an estimate for the bubble projector?




MINI Satisifies an inf-sup Condition (3/4)

Make an overall projector Ny, onto Xp,.

Show Fortin’s criterion for My,.




MINI Satisifies an inf-sup Condition (4/4)

> HW%VHHI <a ||VHH1 for L2 projector 7r2 : H(} — M,
> v =792 < cahlvin.

> [lmhve < eslivlee.

Show H!-boundedness of M.




Demo

Demo: 2D Stokes Using Firedrake (MINI and Taylor-Hood)




