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Function Spaces 7

) n
Consider
-1 x < -1
—_— n
3
fa(x) = %x—%x3 I ox<l
1 x>1/n.

Converges to the step function. Problem?

[ g\,\&C'(m bl p s nb[/e"ftfa}l/.

~I  X<p

Q(*]“ i [ ~>p
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Norms

Definition (Norm)

A norm || - || maps an element of a vector space into [0, 00). It satisfies:

1
> lxl=0ex=0 = deblwik sy
> [axl = Xl
> [x -+ yIl < [Ixll + lly| (triangle inequality)
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Convergence

Definition (Convergent Sequence)

Xp — X & ||xp — x|| = 0 (convergence in norm)
< @«

Definition (Cauchy Sequence)

[ (6\/ om 20  dar exi¥s an w ~C6Y Wil

|

lXU‘KN" < < FGV »lf“é"‘:
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Banach Spaces ( )

Definition (Complete/“Banach” space)

C“"‘d"‘l ) chev:’w'r ]

What's special about Cauchy sequences?

L;Ml\(f (Ilh S Q"“tl/;'\\ Sﬂ/w] Shows VJ? OJ/D@

Counterexamples? ‘me Qv

(Q,I')
(C". (1) [Pl Syigide ‘
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More on C°

Let Q C R" be open. Is C°(2) with ||f||, := supyeq |f(x)| Banach?

~

(01) P44
roblow, ||¥|0,,° not dv{:‘»e, § ((o(qf),“'(/w’ 0o F Boamal
Is Co(fz) with [|f|| ., = sup,cq |f(x)| Banach? b JL op~
Ll
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C™ Spaces

Let Q CR". ?:jl-?ll(

Consider a multi-index k = (kq, ..., kn) € N and define the symbols

—ka g’k' “:F e, ¢ ¢k

Definition (C™ Spaces)

CAY= {9eCm) - D e’ ) s lue
(% (JL);Z\Pe(_O(m : kae e (s J]e'o&i

)

ppav—

[0, > B ()= LDeC ) € have coyek sy

W%g



€y AT w T 4

NG : :
8.9, | €€ yﬁ'
“ Oy v

k‘;v\ew{t OQ QU €V\,\ub\ o l sl P(x) + 07

"wan Y Loed « bomdedt (;U_"_l;\ n Uzk)



v
LP Spaces & \(il»;lp =[x I/U
Let 1 < p < . Q“ ’
Definition (LP Spaces)

, 1/p
lull, = (/Q\u\ dx> .

Definition (L> Space)

L®(Q) :=={u: (u:R— R),|u(x)| < oo almost everywhere} ,

llulloo = inf {C : |u(x)| < C almost everywhere} .
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LP Spaces: Properties
Theorem (Holder's Inequality)
For1 < p,q < oo with1/p+1/q =1 and measurable u and v,

ﬂu\/H € (m” /VI

(gen, &  Cangly 'SchWYz)

Theorem (Minkowski's Inequality (Triangle inequality in LP))

For1 < p<ooandu,v e LP(Q),

laevllp < llnl, v,
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Inner Product Spaces
Let V be a vector space.

Definition (Inner Product)

An inner product is a function (-,-) : V x V — R such that for any
f,g,heVandaeR

‘““7<f’f> - 07

= (f,f) = 0&f=0,
(f.e) = .8,

(af +g,h) = alf,h)+(g,h).

Definition (Induced Norm)

Il = V{F, f).
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Hilbert Spaces p?

Definition (Hilbert Space)

~—— . .
An inner product space that is complete under the induced norm. // 4,/33

Let Q be open. Dd:D

i equals the closure of (set of-all limits of Cauchy sequences in)
C5°(2) Junder the induced nor @
g wivel g (e

’)wv\-?/
(




Weak Derivatives

Define the space L{_ of locally integrable functions.

Definition (Weak Derivative)
v € LL () is the weak partial derivative of u € L () of multi-index

loc

order k if
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Weak Derivatives: Examples (1/2)

Consider all these on the interval [—1,1].

f(x) =4(1 —x)x

2x x <1/2,
) = -
2-2x x>1/2.

194



Weak Derivatives: Examples (2/2)

A0 =[5 VK172

195



Sobolev Spaces

Let QCR", keNpand 1 < p < oo.
Definition ((k, p)-Sobolev Norm/Space)

196



More Sobolev Spaces
wo2?

we2?

HE(Q)?




Outline

Finite Element Methods for Elliptic Problems

Back to Elliptic PDEs

198



An Elliptic Model Problem
Let Q C R" open, bounded, f € Hl(Q).

-V -Vu+u = f(x) (xe€Q),
ulx) = 0 (x € 09).

Let V := H}(Q). Integration by parts? (Gauss's theorem applied to ab):

Weak form?

199



Motivation: Bilinear Forms and Functionals

/Vu-Vv—i—/uv:/fv.
Q Q

This is the weak form of the strong-form problem. The task is to find a
u € V that satisfies this for all test functions v € V.

Recast this in terms of bilinear forms and functionals:

200



Dual Spaces and Functionals

Bounded Linear Functional

Let (V,||-||) be a Banach space. A linear functional is a linear function
g : V — R. Itis bounded (& continuous) if there exists a constant C so
that [g(v)| < Cv|| for all v € V.

Dual Space

Let (V, ||||) be a Banach space. Then the dual space V' is the space of
bounded linear functionals on V.

Dual Space is Banach (cf. e.g. Yosida ‘95 Thm. IV.7.1)

V' is a Banach space with the dual norm

201



Functionals in the Model Problem
Is g from the model problem a bounded functional? (In what space?)

That bound felt loose and wasteful. Can we do better?
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Riesz Representation Theorem (1/3)
Let V be a Hilbert space with inner product (-, -).

Theorem (Riesz)

Let g be a bounded linear functional on V, i.e. g € V'. Then there exists
a unique u € V so that g(v) = (u,v) forallv e V.

203



Riesz Representation Theorem: Proof (2/3)

Have w € N(g)* \ {0}, a = g(w) #0, and z := v — (g(v)/a)w L w.

204



Riesz Representation Theorem: Proof (3/3)

Uniqueness of u?

205



Back to the Model Problem

a(u,v) = (Vu,Vv) 2+ (u,v)2
glv) = (f,v)p
a(u,v) = g(v)

Have we learned anything about the solvability of this problem?

206



Poisson
Let Q C R" open, bounded, f € H_l(Q).

This is called the Poisson problem (with Dirichlet BCs).
Weak form?




Ellipticity
Let V be Hilbert space.

V-Ellipticity

A bilinear form a(-,-) : V x V — R is called coercive if there exists a
constant ¢g > 0 so that

and a is called continuous if there exists a constant ¢; > 0 so that

If ais both coercive and continuous on V/, then a is said to be V-elliptic.
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Lax-Milgram Theorem
Let V be Hilbert space with inner product (-, -).

Lax-Milgram, Symmetric Case

Let a be a V-elliptic bilinear form that is also symmetric, and let g be a
bounded linear functional on V.
Then there exists a unique u € V so that a(u,v) = g(v) for all v € V.

7
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Back to Poisson
Can we declare victory for Poisson?

Can this inequality hold in general, without further assumptions?
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Poincaré-Friedrichs Inequality (1/3)
Theorem (Poincaré-Friedrichs Inequality)

Suppose Q C R" is bounded and u € H}(Q). Then there exists a constant
C > 0 such that
lull 2 < ClIVul| 2
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Poincaré-Friedrichs Inequality (2/3)

Prove the result in C3°().
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Poincaré-Friedrichs Inequality (3/3)

Prove the result in H}(9).

213



Back to Poisson, Again

Show that the Poisson bilinear form is coercive.

Draw a conclusion on Poisson:

214



Outline

Finite Element Methods for Elliptic Problems

Galerkin Approximation

215



Ritz-Galerkin

Some key goals for this section:
> How do we use the weak form to compute an approximate solution?
> What can we know about the accuracy of the approximate solution?

Can we pick one underlying principle for the construction of the
approximation?
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Galerkin Orthogonality

a(u,v) = g(v) for all v € V, a(up, vp)

Observations?

= g(vn)

for all v, € V.




Céa's Lemma
Let V C H be a closed subspace of a Hilbert space H.

Céa's Lemma

Let a(-, ) be a coercive and continuous bilinear form on V. In addition, for
a bounded linear functional g on V, let u € V satisfy

a(u,v) = g(v) forall ve V.
Consider the finite-dimensional subspace V;, C V and uj, € V, that satisfies
a(up, vn) = g(vp) for all v, € V.

Then

218



Céa's Lemma: Proof

Recall Galerkin orthgonality: a(up — u, v) = 0 for all v, € V},. Show the
result.
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Elliptic Regularity
Definition (H® Regularity)
Let m>1, H'(2) C V C H™(Q) and a(-,-) a V-elliptic bilinear form.
The bilinear form a(u, v) = (f,v) for all v € V is called H* regular, if for

every f € HS~2™ there exists a solution u € H%(Q) and we have with a
constant C(, a, s),

Theorem (Elliptic Regularity (cf. Braess Thm. 7.2))

Let a be a H}-elliptic bilinear form with sufficiently smooth coefficient
functions.

[ |




Elliptic Regularity: Counterexamples

Are the conditions on the boundary essential for elliptic regularity?

Are there any particular concerns for mixed boundary conditions?

~
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Estimating the Error in the Energy Norm

Come up with an idea of a bound on ||u — up|| 1.

What's still to do?
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[? Estimates

Let H be a Hilbert space with the norm ||-||; and the inner product (-, ).
(Think: H= L2, V = H')

Theorem (Aubin-Nitsche)

Let V C H be a subspace that becomes a Hilbert space under the norm
|I-Il\/- Let the embedding V' — H be continuous. Then we have for the
finite element solution u € V}, C V:

if with every g € H we associate the unique (weak) solution ¢z of the
equation (also called the dual problem)

[ | .




