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Constructing Discrete Function Spaces

Floating point numbers (Degrees of Freedom or DoFs) <+ Functions

Discretization relies on three thingS'

» Base/reference domain
» Basis of functions
: e
» Meaning of DoFs c\/@,(

Related finite element concept: Ciarlet triple

Discretization options for a curve?
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What do the DoFs mean? yem

Common DoF choices:

» Point values of function

] _ 1
» Point values of (directional?) derivatives ‘;”f [ !
» Basis coefficients . !{ /,,
» Moments { /

Often: useful to have both “modes”, “nodes”, jump back and forth
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Why high order? E~l

Order p: Error bounded as(|u, — u| K ChP / 1
: 5
Thought experiment: < r e L
.
First order Fifth brder C:MZ‘ h~l$k

1,000 DoFs = 1,000 triangles “T,000 DoFs ~ 66 triangles
ro'\Error: 0.1 Error: 0.1
Error: 0.01 — 7 100)000 Error: 0.01 — ? 109 {#I/wy/ﬁ}

Complete the table.

Remarks:
> Want p > 3 available.
» Assumption: Solution sufficiently smooth

» Ideally: p chosen by user



What is an Unstructured Mesh?

Why have an unstructured mesh? What is the trade-off in going
|  unstructured?
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J Demo: CAD software




Fixed-order vs Spectral

Fixed-order

A e

Spectral

—~—

Number of DoFs n

~

Number of ‘elements’

1
Error ~ —
nP

Examples?

> Piecewise Polynomials

7
What assumptions are buried in each okthese? / s:lm,,fw(;d Aivew.

Number of DoFs n

~

Number of modes resolved
1
Errof ~ o
Examples?
» Global Fourier

» Global Orth. Polynomials
du,u,\st' l«ﬂ hAaLnI(()'
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Fixed-order vs Spectral
What should the DoFs be?

What's the difficulty with purely modal discretizations?

7~




Vandermonde Matrices
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Generalized Vandermonde Matrices

[p\»du’
e, heled
Cob, s\ CQOFF)( 'Mr
/

do(x0) P1(x0) -+ dn(x0)]| [a0
do(x1) ¢1(xa) -+ dalx)| |a

QSO(IXH) $1(xn) ¢n(.Xn) ‘:".n






Generalized Vandermonde Matrices

do(x0) ¢1(x0) - dnlx0)

X x1) - X
%(_ ) ¢1(_ ) _ ¢”(_ 1| MODAL COEFFS — NODAL COEFFS

Doln) G1(x) - balxn)

» Node placement? Demo: Interpolation node placement
» Vandermonde conditioning? Demo: Vandermonde conditioning

» What about multiple dimensions?

» Demo: Visualizing the 2D PKDO Basis
» Demo: 2D Interpolation Nodes



Common Operations

(Generalized) Vandermonde matrices simplify common operations:
> [ - - ” b
I\/Iodal. <—>.Noda| (“Global interpolation”) | 03 >
> Filtering > - N
» Up-/Oversampling
_ . . . - » 2
» Point interpolation (Hint: solve using V') P qp
» Differentiation ~
» Indefinite Integration \ B
» Inner product —
> ’ °'

Definite integration Ur V
G4 (v ﬂ)
it



Unstructured Mesh

Design a data structure to represent this [ﬂ/,}w‘c, , o/fflk/ A/ma/osj

Compute normal vectors

>
>
» Compute area
» Compute integral of a function
>

How is the function represented?



Integral Equation Discretizationf: Overview
?’ v 3
— A
~

Vi
b(x) - /r K(x.y)d0)dy = £(¥)

Nystrom Projection

> Approximate integral by » Consider residual:
quadrature R=¢—Ap—f
Jrf(y)dy = >2kq wief (vk) » Pick projection P, onto

» Evaluate quadrature’d IE at finite-dimensional subspace
quadrature nodes, solve P =30 (b, vigwx —

DOFs <¢a Vk>
» Solve P,R =10




Projection/Galerkin
» Equivalent to projection: Test IE with test functions
» Important in projection methods: sub-space (e.g. of C(I'))

Name some generic discrete projection bases.
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Collocation and Nystrom: the same?
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Are projection methods implementable?
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Nystrém Discretizations (I)
Nystrom consists of two distinct steps:

1. Approximate integral by quadrature:

ke{5

2. Evaluate quadrature'd |IE at quadrature nodes, solve discrete system

A" = >k, vl = ) @
k=1

Is version (1) solvable?

A3
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Nystrém Discretizations (I1)
What's special about (2)7

Solution density also only known at point values. But: can get
approximate continuous density. How?

Assuming the IE comes from a BVP. Do we also only get the BVP solution
at discrete points?




