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Anselone’s Theorem ¢

Assume:
(I — A)~! exists, with A: X — X compact, (A,) : X — X collectively
compact and A, — A functionwise.

Theorem (Nystrom error estimate [Kress LIE 2nd ed. Thm 10.9])

For sufficiently large n, (I — Ap) is invertible and

160 = oIl < C(II(An = A)oll + [I£2 — £1])
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Anselone’s Theorem: Proof (I)

Define approximate inverse

How good of an inverse is it?

Id " Ba(l —An)
= (I+(1=ATA)I = Ad)
= [+ -ATA]-[A + (I — AT AA
= [I+(U-ATA]-[(1-A)7 —AA, + (I — A AA]
= [I+U=ATA] [l -A) A, — (I = A AA, + (1 — A)TAAl
= 14+ =A)""AA —(I — A)TTAA,
I+ (I - A)*lgA —ANA, =1-S5,




Anselone’s Theorem: Proof (I1) M- JI =0

Want S, — 0 somehow. Prior result gives us ||(A — Ap)An| — 0.
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Anselone’s Theorem: Proof (lII)
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Anselone: A Question

Nystrom: specific to | + compact. Why?
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Nystrom: Collective Compactness S j

Zf () S
We assumed collective compactness. Do we have that? Assume

Z |quad. weights for n points| < C (independent of n)  (3)
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Nystrom: Collective Compactness
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Also assumed functionwise uniform convergence, i.e. ||[Ap¢ — Ag| — 0 for
each ¢.
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Projection Method <|

) A

X Banach space, U C X nontrivial subspac — Y injective,
XpCX,Y,CY,dmX,=n dmY,=n|P,:7 =7

» P is a projection < P|y = Id & P? :CA—LS

> P) 21 0o,

>

>

Orthogonal projectors: ||P|| =1
Interpolators (“collocation projection”): Also projections
» Projection method: P,A¢, = Ppf (#)

Define convergence:
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Assumptions on the Approximation Spaces

What's needed of X, so that it can even approximate the solution?
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Error Estimates for Projection s (AP A 4
D, A‘P: ﬁ/—‘ﬁ,é)v
X Banach space, A: X — X injective, P, : Y = Y,

Theorem (Céa’s Lemma [Kress LIE 2nd ed. Thm 13.6])

Convergence of the projection method <
There exist ng and M such that for n > ng

1. P,A: X, — Y, are invertible,

2. [|[(P,A)IP,A|| < M. (Uniform Boundedness, Stability)
) ——
In this case,

19 = | < (1 + M) inf ¢ =¥l
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Céa's Lemma: Proof

Proof?

Core message of the theorem?




