




Continuous and Square-Integrable

Can we carry over C 0(G ) boundedness/compactness results to L2(G )?

X , Y normed spaces with a scalar product so that |(ϕ,ψ)| ≤ ∥ϕ∥ ∥ψ∥ for
ϕ,ψ ∈ X .

Theorem (Lax dual system [Kress LIE 3rd ed. Thm. 4.13])

Let U ⊆ X be a subspace and let A : X → Y and B : Y → X be bounded
linear operators with

(Aϕ,ψ) = (ϕ,Bψ) (ϕ ∈ U,ψ ∈ Y ).

Then A : U → Y is bounded with respect to ∥·∥s induced by the scalar
product and ∥A∥2

s ≤ ∥A∥ ∥B∥.

Based on this, it is also possible to carry over compactness results.
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Adjoint Operators
Definition (Adjoint oeprator)

A∗ called adjoint to A if

(Ax , y) = (x ,A∗y)

for all x , y .

Facts:

▶ A∗ unique
▶ A∗ exists
▶ A∗ linear
▶ A bounded ⇒ A∗ bounded
▶ A compact ⇒ A∗ compact
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Adjoint Operator: Observations?
What is the adjoint operator in finite dimensions? (in matrix
representation)

What do you expect to happen with integral operators?

Adjoint of the single-layer?

Adjoint of the double-layer?
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Fredholm Alternative

Theorem (Fredholm Alternative [Kress LIE 3rd ed. Thm. 4.17])

A : X → X compact. Then either:
▶ I − A and I − A∗ are bijective

or:
▶ dimN(I − A) = dimN(I − A∗)
▶ (I − A)(X ) = N(I − A∗)⊥

▶ (I − A∗)(X ) = N(I − A)⊥

Seen these statements before?
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Fundamental Theorem of Linear Algebra
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[Credit: Wikipedia]
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Fredholm Alternative in IE terms
Translate to language of integral equation solvability:
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Fredholm Alternative: Further Thoughts

What about symmetric kernels (K (x , y) = K (y , x))?

Where to get uniqueness?
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Spectral Theory: Terminology
A : X → X bounded, λ is a . . . value:

Definition (Eigenvalue)

There exists an element ϕ ∈ X , ϕ ̸= 0 with Aϕ = λϕ.

Definition (Regular value)

The “resolvent” (λI − A)−1 exists and is bounded.

Can a value be regular and “eigen” at the same time?

What’s special about ∞-dim here?
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Resolvent Set and Spectrum

Definition (Resolvent set)

ρ(A) := {λ is regular}

Definition (Spectrum)

σ(A) := C \ ρ(A)
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Spectral Theory of Compact Operators

Theorem
A : X → X compact linear operator, X ∞-dim.
Then:
▶ 0 ∈ σ(A)

▶ σ(A) \ {0} consists only of eigenvalues
▶ σ(A) \ {0} is at most countable
▶ σ(A) has no accumulation point except for 0
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Spectral Theory of Compact Operators: Proofs

Show the first part.

Show second part.
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