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Continuous and Square-Integrable

Can-we_carry over C°(G) boundedness/compactness results to L2

X, Y nérmed spaces with a scalar product so that (¢, )| < ||¢|| ||| for
o, P € X.

Theorem (Lax dual system [Kress LIE 3rd ed. Thm. 4.13])

Let U C X be a subspace and let A: X — Y and B : Y — X be bounded
linear operators with

(Ad,¥) = (9, BY) (e U,y €Y).

Then AU — Y is bounded with respect to ||-||; induced by the scalar
product and [|A|]2 < [|A] [|B]I

Based on this, it is also possible to carry over compactness results.

fon (0 f [T
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Adjoint Operators

Definition (Adjoint oeprator)

A* called adjoint to A if (* 9’5 ;if'y
(Ax.y) = (x, A%y) (A9l (Ax)r - (4 1,
¥
for all x, y.
Facts:
> A* unique
> A* exists
> A* linear
» A bounded = A* bounded
> A compact = A" compact
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Adjoint Operator: Observations?

What is the adjoint operator in finite dimensions? (in matrix
representation)

AT
What do you expect to happen with integral operators?

Af&/= S Uiy q) «(y oy A p(y)= SM 1] @ (y) oy

Adjoint of the single-layer?

(ﬂp/mc L@ S{(k/*cs 1@“"7’1) xp(\j/ o(? $*= ¢ ]

Adioint of the double 7 SG‘F"OICJ'}DIL
joint of the double-layer (" sqwml’ﬂc")

[ Duly-§ O, Loy ((yl,) 2yl 4y D ¢!
SPE)=c O Qool Ix-4].) ely) Ay




Fredholm Alternative

Theorem (Fredholm Alternative [Kress LIE 3rd ed. Thm. 4.17])

A: X — X compact. Then either: (,
. L ~ : =t D} o
» | — Aand | — A* are bijective Cdmenle W/ lfw;}' )
or:

» dimN(/ — A) = dimN(/ — A*) ¢ ¥
> (I — A)(X) = N(I — A%
> (I — A)(X) = N(I — At

Seen these statements before?
FTLA
o f"n‘:) H1-4¢¥) [,.Pe(,": /J,z}
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Fundamental Theorem of Linear Algebra

L fle®

R
/A(R)\ dim r /’ -
\ /

[Credit: Wikipedia]
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Fredholm Alternative in IE terms

Translate to language of integral equation solvability:

(SQQ O\LOVG F

s ol b 41049
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Fredholm Alternative: Further Thoughts

What about symmetric kernels (K(x,y) = K(y,x))?

A A

Where to get uniqueness? / shalt "\”"\L abadr /V(LA')

from el whon  (POE)




Outline

Going Infinite: Integral Operators and Functional Analysis

A Tiny Bit of Spectral Theory
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Spectral Theory: Terminology Ax=Asc & (A-AT) ¢~ 0
A: X — X bounded, )\isa ... value: /V(4~z\‘[/,{:z’o}

Definition (Eigenvalue)

There exists an element ¢ € X, ¢ # 0 with Ap = \¢.

Definition (Regular value)
The “resolvent” (A — A)~1 exists and is bounded. " ol 0,'7.4,,"

Can a value be regular and “eigen” at the same time?

IS

What's special about co-dim here? Jor A ry [gisun
—_ ) 21 ¥ | F g
yod imf thee bub wol suqeuhivg o / ¥
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Resolvent Set and Spectrum

Definition (Resolvent set)

p(A) .= {\ is regular}

Definition (Spectrum)
o(A) == C\ p(A)
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Spectral Theory of Compact Operators

A: X — X compact linear operator, X oco-dim.
Then:

> 0€o(A) o lwb acy vede_
» o(A)\ {0} consists only of eigenvalues
» o(A)\ {0} is at most countable

» o(A) has no accumulation point except for 0

221



Spectral Theory of Compact Operators: Proofs

Show the first part.

Show second part.
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