, s & P
A\M QWI% 6 i
D — Au\ :8 & L“p/‘(&
HW‘ D Hamom! . FWcHak,

D Omnell goolli  exthnce Gure
Q/ ¥ :h/"uhtg =) irfence

t pWMM} “-e/h(s;
\/ )"“"P Iﬁ,’l\;

Gools

(<

b L\O\MQ(
172 'wu

p B on, g e €35
D (€ v\m‘:q/Aews.



uly = 50’['()
N Srﬁﬂ(jf’f*]/ o (9] 5,

,A"l*’o e(ﬂ?“""’b éqé r’

cexehn

r

b

Y Vw:))W expa la(oa:

E)ﬁ“(’\)/m ( )P v V“J)‘"’ T e el
< _— (¥~C <
lp\é'L 0” @ ebqﬁmk V\Mjlﬁ\/ 'elyﬂ»
Mv)(x%)p o[v/d{% b
= 8{.‘ wk\/\?_‘/\fﬂ_} @ DM,

1



crs Selp(t)
@'



Green's Formula

What if Av =0 and u= G(|y — x|) in Green's second identity?

/N— vAu = / u(A-Vv)—v(A-Vu)ds
Q° [2}9]

Can you write that more briefly?

) =S S dy o S (0] - Dy
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Green's Formula (Full Version)

Q2 bounded
Theorem (Green's Formula [Kress LIE 2nd ed. Thm 6.5])
If Au =0, then

u(x) xeQ,
(S(A-Vu) — Du)(x) = @ x € 09,
0 x & Q.
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Green's Formula and Cauchy Data ,///;ﬂ/
i ( 2)

Suppose | know ‘Cauchy data’ (ulaq, fi- Vulaq) of u. What can | do?

Eu. Gras £

(;aw\pwl' e W\,

L

What if Q is an exterior domain?

~

21

‘

What if u = 17 Do you see any practical uses of this?

4 S<4_/Z.
,i\)i: ('/fl X e L
D Sl

C~—
;uo({c‘\“ﬂ/ [‘M(I’w\-\
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Mean Value Theorem

Theorem (Mean Value Theorem [Kress LIE 2nd ed. Thm 6.7])

lfAu:O,ux:/ uydy:/ u(y)dy
( ) B(x,r) ( ) 9B(x,r) ( ) /
Define T?

o S g
[ Sﬁ—"( j“ . 5?(\)44

Trace back to Green's Formula (say, in 2D):

wly)s S(a.w)e Duty- %Qa‘](/) S)(a‘u/— 4 5 "
i 2rr ob °



Maximum Principle

Theorem (Maximum Principle [Kress LIE 2nd ed. 6.9])

If Au= 0 on compact set Q:
u attains its maximum on the boundary.

Suppose it were to attain its maximum somewhere inside an open set. . .

comhatlichs otk valing

What do our constructed harmonic functions (layer potentials) do there?

[ )
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Green's Formula at Infinity: Statement @

Q C R” bounded, C!, connected boundary, Au =0 in R” \ Q, & bounded

Theorem (Green's Formula in the exterior [Kress LIE 3rd ed. Thm 6.11])

v
(Soq(h - Vu) + Dygqu)(x) + PVus = u(x)
for some constant us.,. Only for n =2,

1
= — ds,.
“E9 2mr lyl=r u(y) %

Realize the power of this statement:

TQQQ‘; L wbouk o(ecuﬂu b{ﬁd.l,"v of &€ as X%
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Green's Formula at Infinity: Proof (1/4)

We will focus on R3. WLOG assume 0 € Q. Let M = [ull oo (mm @)
First, show ||[Vu|| < 6M/ ||x| for x > Ry.
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Green's Formula at Infinity: Proof (2/4)

Let x € R3\ Q. Let r be such that Q C B(x,r). Apply Green's formula on
bounded domains to B(x, r) \ €2

(Soq(Onu) — Doqu)(x) + (Sag(xjr)(ﬁ,,u) — D(-;B(er)u)(x) = u(x).
Show Spp(x,r)(Ont) — 0 as r — oo:
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Green's Formula at Infinity: Proof (3/4)

It remains to bound the term

47
Daoge ) =77 [ ul)as,

Can we transplant that ball to the origin in some sense?
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Green's Formula at Infinity: Proof (4/4)

Observe
4
72r/ u(y)dSy| < 4nM.
r= Jos(o,r)
Consider the sequence
41
Hn = u(y)dSy.

2
In JoB(0,m)

Because of its boundedness and sequential compactness of the bounding
interval, out of a sequence of radii r,, we can pick a subsequence so that
(#4n(k)) converges. Call the limit uso.
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Green's Formula at Infinity: Impact

Can we use this to bound v as x — co?
Consider the behavior of the kernel as r — oo. Focus on 3D for simplicity

(But 2D holds also.)

o = S0 ¢ D = O(,,‘)

wly) =

How about u's derivatives?

V) \ )
= O ~— -
W o - i 3
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Outline

Singular Integrals and Potential Theory

Jump Relations

245



Jump relations:

Mz cony

Sp
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Jump Relations: Mathematical Statement
Let [X] = X; — X_. (Normal points towards "“+"="exterior".)

Theorem (Jump Relations [Kress LIE 2nd ed. Thm. 6.14, 6.17,6.18])

‘J“"r‘ (< Q;z,) [So] =0

Xﬂr)gi(sla) = (5’ =F %I) (0)(x0) = [S'o] = —0o
_lim (Do) = (D + %/) Gita) = D] e
[D'o] =0

Truth in advertising: Assumptions on '?

M ]
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Jump Relations: Proof Sketch for SLP

Sketch the proof for the single layer.

((“oUow Woh[ Fw w&a(ﬁ(‘y >fvynfw 2 b otucled)

248



Jump Relations: Proof Sketch for DLP

Sketch proof for the double layer.

Smﬂﬁ&e X 0 fpl leol'v;. (lneow (.1/
xs 2 th G(x) (=< ()

xf [,
:

Dol = Do) + Dot + Doy
=0 DL « Do - o(z)]ty

/ds blva( as x z) p V(K}*? °'[t}/ =0
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Outline

Boundary Value Problems
Laplace
Helmholtz
Calderén identities
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Outline

Boundary Value Problems
Laplace
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Boundary Value Problems: Overview

let

An=? AXx =0

Neumann

,D' -
Int. < limy_o0- u(x) =g
@ unique

limy_a0- A-Vu(x)=g
O may differ by constant

Ext. | IMyspartt=g
Oo(1) 2D
u(x) = as |x| — oo

limy_ a0+ A-Vu(x) =g
u(x) = o(1) as |x| = o0

o(1) 3D @ unique
@ unique
with g € C(99).
What does f(x) = O(1) mean? (and f(x) = o(1)?7)
{)“0' O(y("}) /the’(?(,v.))
ﬂ”’\“ M Din y
9l <C %} <0

252



Uniqueness Proofs

Dirichlet uniqueness: why?

Neumann uniqueness: why?
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