


Arzelà-Ascoli
Let G ⊂ Rn be compact.

Theorem (Arzelà-Ascoli [Kress LIE 3rd ed. Thm. 1.18])

U ⊂ C (G ) is precompact iff it is bounded and equicontinuous.

Equicontinuous means

Continuous means:
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Arzelà-Ascoli: Proof Sketch for b∧ e ⇒ precompact
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Arzelà-Ascoli: Proof Sketch for b∧ e ⇒ precompact
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Arzelà-Ascoli (II)

Intuition?

“Uniformly continuous”?

When does uniform continuity happen?

(Note: Kress LIE 2nd ed. defines ‘uniform equicontinuity’ in one go.)
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Integral Operators are Compact
Theorem (Continuous kernel ⇒ compact [Kress LIE 3rd ed. Thm. 2.28])

G ⊂ Rm compact, K ∈ C (G 2). Then

(Aϕ)(x) :=

Z

G
K (x , y)ϕ(y)dy .

is compact on C (G ).

Use A-A. (a statement about compact sets) What is there to show?
Pick U ⊂ C (G ). A(U) bounded?

A(U) equicontinuous?
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Weakly singular
G ⊂ Rn compact

Definition (Weakly singular kernel)

▶ K defined, continuous everywhere except at x = y

▶ There exist C > 0, α ∈ (0, n] such that

|K (x , y)| ≤ C |x − y |α−n (x ̸= y)

Theorem (Weakly singular kernel ⇒ compact [Kress LIE 3rd ed. Thm. 2.29])

K weakly singular. Then

(Aϕ)(x) :=

Z

G
K (x , y)ϕ(y)dy .

is compact on C (G ), where cl(G ◦) = G .
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Weakly singular: Proof Outline

Outline the proof of ‘Weakly singular kernel ⇒ compact’.
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Weakly singular (on surfaces)
Ω ⊂ Rn bounded, open, ∂Ω is C 1 (what does that mean?)

Definition (Weakly singular kernel (on a surface))

▶ K defined, continuous everywhere except at x = y

▶ There exist C > 0, α ∈ (0, n − 1] such that

|K (x , y)| ≤ C |x − y |α−n+1 (x , y ∈ ∂Ω, x ̸= y)

Theorem (Weakly singular kernel ⇒ compact [Kress LIE 3rd ed. Thm. 2.30])

K weakly singular on ∂Ω. Then (Aϕ)(x) :=

Z

∂Ω
K (x , y)ϕ(y)dy is compact

on C (∂Ω).

Q: Has this estimate gotten worse or better?
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